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Abstract

Free-floating manipulators or robots in space which are attached to their satellite base, rep-
resent a nonholonomic mechanical system due to the conservation of angular momentum.
This implies that planning of robotic end effector trajectories and their steering and control
is highly complicated. This is more than ever valid if the manipulator degrees of freedom are
increasing beyond the conventional number of six. Such kinematically redundant manipula-
tors are often designed because of their flexibility in use and their increased skills.

It is known from several mechanical systems, specifically from moving vehicles, that non-
holonomy can be favourably used in different ways. For example, there arises the possibility
to steer the system using less number of inputs than is given by the generalized coordinates.
This is not possible for holonomic systems that require as many inputs as the number of
inde-pendent coordinates. The present work therefore shall investigate the characteristics
arising from nonholonomy of a free-floating satellite equipped with a robot.

The investigations shall start with a literature survey of already existing work on nonholo-
nomic systems. Then, specific emphasis shall be paid to the use of nonholonomy in satellite
applications, again with focus on robots, specifically redundant robots, attached to their base.
The work shall conclude with the set up of some simulation models of a free-floating satellite
with a robot attached to it. It is suggested to run the simulations in a way to demonstrate
the basic characteristics of the nonholonomic systemi,i.e., the linear and angular momentum
of the system and the position of the system center of mass.



Acknowledgements

This thesis has been performed at the Institute of Robotics and Mechatronics, German
Aerospace Center (DLR) in Oberpfaffenhofen near Miinchen.

I wish to express my sincere thanks to my thesis advisor, Dr. Bernd Schéfer, for taking
the burden of supervising me, for his insight and essential aid throughout carrying out the
thesis and writing this report and for his kind recommendations after reviewing my writings.
My wholehearted appreciation and gratitude is extended to my tutor at Universitédt Siegen,
Prof. Dr.-Ing. habil. Peter Betsch, for his amiable supervision throughout my work. I thank
Dipl.-Ing. Bernhard Rebele and Dipl.-Ing. Rainer Krenn for their assistance to develop the
system model. I am grateful to all of the above people.



Contents

1 Introduction
1.1 Motivation . . . . . . . . s,
1.2 Outlines of the thesis . . . . . . . . . . . .

2 Mechanical System Constraints
2.1 Geometric and Kinematic Constraints . . . . . . . . . . ... ... ... ...
2.2 Holonomic and Nonholonomic Constraints . . . . . . . ... ... ... ...
2.2.1 Holonomic Constraints and Degrees of Freedom . . . .. . ... ...
2.2.2  Nonholonomic Constraints and Degrees of Freedom . . . . .. .. ..
2.3 The Vertical Rolling Disk . . . . . . . .. .. . o o

2.3.1 Simulation results . . . . . . ...,

3 Integrability of the Constraints
3.1 Determination of Holonomic/Nonholonomic Constraints . . . . . . . . .. ..
3.2 Integrability and Kinematic Model . . . . . . . . .. ... .. ... ... ..

4 Lie Bracket and Nonholonomy
4.1 Tangent Vector, Tangent Space and Vector Field . . . . . . . ... .. .. ..
4.2 Physical Interpretation of Lie Bracket . . . . . . . ... ... ... ... ...
4.2.1 Lie Bracket Example: Unicycle Model . . . . . . .. .. .. ... ...
4.3 Distribution and Nonholonomy . . . . . . .. ... .. ... ... ......
4.3.1 Distribution . . . . ...
4.3.2 Nonholonomy . . . . . . . . . . . ...

5 Classification of Mechanical Systems
5.1 Controllability and Accessible Region . . . . . . . . ... ... .. ... ...
5.2 Accessibility Distribution . . . . . ... ... oo o

5.3 Summary . o.o.o. ...

6 Examples of the Kinematic Models
6.1 Vertical Rolling Disk . . . . . . . . . ...

i

[N

© o o Ul Gt A

11
11
13

15
15
18
19
24
24
25

26
26
27
28

30



CONTENTS

6.2 Unicycle . . . . . . o
6.3 Car-like Robot . . . . . . . . .

7 Mobile Redundant Robot

7.1 Inverse Kinematics . . . . . . . . . . . ...
7.2 Case Studies . . . . . . . . ..
7.2.1 Case 1: One Link Manipulator . . . . . . ... ... ... ... ....
7.2.2 Case 2: Two Link Manipulator . . . . .. ... .. ... ... ....
7.3 Comments . . . . . . . . ..

8 Free-Floating Space Robot: Plane Motion

8.1 General Description . . . . . . . . ...
8.2 Two-Body Planar Space Robot . . . . .. .. .. .. ... ... ... ....
8.2.1 Dynamic Model . . . . . . . ...
8.2.2 Holonomic Characteristic of 2-Body Planar Robot . . . . . . . . . ..
8.2.3 Simulation Results . . . . . .. .. ... o
8.3 Three-Body Planar Space Robot . . . . . . .. .. .. ... ... ... ....
8.3.1 Dynamic Model . . . . . . . . ...
8.3.2 Investigation of Nonholonomic Criteria . . . . . . . .. ... ... ..
8.3.3 Simulation Results . . . . . . ... ... o

9 Free-Floating Space Robot in 3D Motion (2-Body)

9.1 System Description . . . . . . . ... L
9.2 System Model . . . . . . ..
9.3 Constraint Equations and Kinematic Model . . . . . . . .. ... ... ...

9.3.1 Simulation Results . . . . . . . .. ... ... ... ...

10 Conclusion and Future work
10.1 Conclusion . . . . . . . . s,
10.2 Future work . . . . . . .,

Bibliography
Appendices
A Symbol

B Null Space
C Lie Bracket

D The Frobenius theorem

1l

31
32

35
35
37
37
41
45

46
46
48
48
o1
23
5}
95
57
29

66
66
67
67
72

83
83
84

84

85

86

87

89

92



CONTENTS

E Planar Space Robot
E.1 Two-Body Planar Space Robot . . . . .. .. ... ..
E.2 Three-Body Planar Space Robot . . . . . . .. ... ..

F Free-floating space robot

G Calculation with Maple Software
G.1 Redundant Manipulator . . . .. .. ... .. ... ..
G.1.1 One Link Manipulator . . . . .. ... ... ..
G.1.2 Two Link Manipulator . . . . . ... ... ...
G.2 Lie Bracket operation for Planar Space Robot (3-body)

Index

v
96

96
99

105

109
109
109
112
114

115



List of Figures

1.1
1.2

2.1
2.2
2.3
2.4
2.5

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8

4.9

4.10
4.11
4.12
4.13
4.14

0.1

6.1

6.2

7.1

The wheeled robot (The nonholonomic mechanical system) [9] . . . .. . ..

The Free-floating space robot [11] . . . . . . . .. ... ... .. ... ....

C Trajectory lies on the constraint surface . . . . . . .. .. ... ... ... 5
The geometry of the rolling disk(M =R? x St x SY) . ... ... ... ... 7
Geometrical quantities for the rolling constraint in the plane [10] . . . . . . 7
The rolling disk in R? plane . . . . . . . . . ... ... ... ... ...... 9
Trajectory of the configuration variables . . . . . ... ... ... ... ... 10
Tangent vector . . . . . . ..o 15
Tangent Space . . . . . . . .. 16
Vector field . . . . . . . .. 16
Integral curve . . . . . . ..o 16
The closed parallelogram (The commute flows) . . . . . . ... ... ... .. 17
The non-commutative flows . . . . . . ... ... 17
The Lie bracket motion . . . . . . . . . . ... . . 18
The unicycle (R? x S1) ( The two wheels collapse into one single wheel located

at mid point ) . . . . .. 20
Pure translation . . . . . . . . . .o 21
Pure rotation . . . . . . .. L 21
The combined motion . . . . . . . . . . ... L 22
The unicycle sideways motion . . . . . . ... ... ... ... ........ 23
The unicycle sideways motion using commutator motion. . . . . . . . . . .. 23
Distribution . . . . . . . .o 24
Classification of Mechanical System . . . . . . ... ... ... ... ..... 28
The unicycle (R? x S) (The two wheels collapse into one single wheel located

at mid point ) . . . ..o 31
Car-like Robot R? x S* x xS ( The right sketch: tang = %) ......... 32
Mobile Robot . . . . . . . .. 36



LIST OF FIGURES vi

7.2
7.3
7.4
7.5
7.6
7.7
7.8
7.9

8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9
8.10
8.11
8.12
8.13
8.14
8.15
8.16
8.17
8.18

9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9
9.10
9.11

System behavior on weighted parameter . . . . . .. ... .. .. ... ... 39

Holonomic behavior for ¢, = 0.001sec (The left figure is a zoom of right figure) 40

Holonomic behavior ¢, = 0.01sec (The left figure is a zoom of right figure) . . 40
Holonomic behavior (Trajectory of base and the EE (w =0.5,1)) . . . . .. 41
Holonomic behavior (Trajectory of base and the EE (w =2,5)) . . .. ... 42
Holonomic model (Two link) . . . .. ... .. ... ... ... ... .. .. 43
Nonholonomic behavior (Two link) . . . . ... ... ... ... ... .... 44
System behavior on weighted parameter (Case 2) . . . .. .. ... .. ... 44
An body planar space structure: satellite (first body) manipulator . . . . . . 47
Two-body planar space robot . . . . . . . .. ... 48
Holonomic characteristic in two-body planar robot . . . . . . . .. .. .. .. 52
Relative angle, ¢, verses 6, (different valuesofc) . . . ... ... ... ... 52
Planar space robot (2-body) at initial position . . . . . . .. ... ... ... 53
Variation of the system center of mass over time (2-body). . . . . . . . . .. 54
Internal configurations of the planar space robot (2-body) . . . ... .. .. 54
The (holonomic) trajectory of the planar space robot (2-body) . . ... .. 55
Planar Space Robot (3 body) at initial position (For case 1,2,3) . . .. . .. 60
Variation of the system center of mass over time (Case 1) . . . . . . ... .. 61
Variation of the system Center of mass over time (Case 2) . . ... .. ... 61
Variation of the system center of mass over time (Case 3) . . . . .. ... .. 62
Variation of the system center of mass over time (Case 4) . . . . .. ... .. 62
Variation of the angular momentum over time for different cases . . . . . . . 63
Trajectory of the system for different cases . . . . . . . .. .. .. ... ... 63
Internal configurations of the planar space robot (3-body). . . . .. ... .. 64
of the planar space robot (3-body) (uptot =6.5sec) . . . . . .. ... ... 64
Trajectory of the (3-body) planar space robot (Case 1) (up tot = 25 sec) . . 65
Two-body robot in 3D space . . . . . . . . .. ... 66
Model of the system . . . . . . . . . ... 67
System center of mass (Case 1) . . . ... .. ... .. ... ... 75
Linear momentum of the system (Case 1) . . . . . . .. ... ... ... ... 75
Angular momentum of the system (Case 1) . . . . .. ... ... ... .... 76
Linear velocity of the base, B (Case 1) . . .. ... . ... ... ... .... 76
Angular velocity of the base, B (Case 1) . . . .. ... ... ... ...... 77
System center of mass (Case 2) . . . . ... ... ... L 7
Linear momentum of the system (Case2) . . . ... ... ... ... .. .. 78
Angular momentum of the system (Case 2) . . . . . ... ... ... ..... 78

Linear velocity of the base, B (Case 2) . . .. ... ... ... ... ..... 79



LIST OF FIGURES vii

9.12 Angular velocity of the base, B (Case2) . . ... .. ... ... ....... 79
9.13 System center of mass (Case 3) . . . . . . ... ... .. ... 80
9.14 Linear momentum of the system (Case 3) . . . . . ... ... ... ... ... 80
9.15 Angular momentum of the system (Case 3) . . . . . .. ... ... ...... 81
9.16 Linear velocity of the base, B (Case 3) . . . ... ... ... ... ...... 81

9.17 Angular velocity of the base, B (Case 3) . . . ... ... ... ........ 82



List of Tables

4.1 Lie Bracket examples for different g vectors . . . . . ... .. ... ... 20
7.1 The different cases for redundant robot . . . . . . .. ..o 37
8.1 Different cases for the Free-floating planar space robot(3-body) . . . . . . . . 59
9.1 Different cases for Free-floating space robot (3D motion) . . . ... ... .. 73

viil



Chapter 1

Introduction

Recently there has been a revival of interest in the study of mechanical systems with non-
holonomic constraints in many applications ranging from Engineering to Robotics, wheeled
vehicle and satellite dynamics, manipulation devices and locomotion system. This thesis re-
port is intended for the beginners who wish to get the basic understating of the nonholonomic
concepts from the point of view of differential geometry and nonlinear control theory as well.
In mathematics, sub-Riemannian geometry is dealing with the nonholonomic systems.

/The robot can instantb

move forward and back,
but can not move to the
right or left without the

Parallel parking,
Series of maneuvers

wheels slipping.

Figure 1.1: The wheeled robot (The nonholonomic mechanical system) [9]

1.1 Motivation

While a person walking on the surface, his or her velocity is not restricted on the plane that
means he or she can instantly step to the right or left, as well as going forwards or back-
wards is known as an example of holonomic system. But in the case of nonholonomic systems,
the allowable velocities of the systems are restricted by the nonholonomic constraints. The
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Figure 1.2: The Free-floating space robot [11]

wheeled robot is a simple example of a nonholonomic system and (kinematic) nonholonomic
constraints are imposed on the system when it rolls without slipping over the floor i.e., the
linear velocity of the point of contact with the surface is zero. It can move only in forwards
and backwards directions, but not side to side (Figure 1). Figure 1 illustrates that though
the internal configurations of the system return to its initital configurations but it does not
gurantee return to the original system position.

Free-floating space robot (Figure 1.2) is another example of the nonholonomic system. In
Free-floating space robot the (dynamic) nonholonomic constraints come due to the conser-
vation of angular momentum by the basic Euler-Lagrange or Hamilton equations. Figure 1.2
shows the TECSAS scenario, where TECSAS stands for Technology Satellite for Demon-
stration and Verifi-cation of Space Systems. The TECSAS project is a cooperation between
the Babakin Science and Research Space Center (Russia) and DLR. Here the redundant
manipilator attached to a satellite base is considered as an entire system and compute the
robotic joint and satellite base variables by applying the desired end effector trajectory in
an inertial frame by means of a Lagrangian based optimization technique. The conservation
law of linear and angular momentum are considered as an additional constraint besides the
other kinematic constraints as well within the optimization algorithm [11].

1.2 Outlines of the thesis

Throughout this thesis report we discuss the nonholonomic criteria by means of differential
geometry. We will now give a brief synopsis of the various chapters in this report.

In Chapter 2 we discuss the theoretical aspects of geometric and kinematic constraints of
the mechanical systems and then introduce the holonomic and nonholonomic constraints and
their degrees of freedom. The vertical rolling disk, a simple and famous example of nonholo-
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nomic system is also shown in Chapter 2.

In Chapter 3 the integrability of the constraints by using classical mathematical approach is
discussed and then we introduced the kinematic model into Pfaffian form and then derive the
kinematic model based on non-linear control theory for further investigation of integrability
of the constraints by means of Lie bracket operation.

In Chapter 4 we discuss some mathematical preliminaries from differential geometry such as
Tangent Vector, Tangent Space, Vector field, Distribution and Lie bracket as well.

Chapter 5 we analyses the kinematic model by means of accessibility distribution to obtain
the necessary condition to investigate whether the mechanical system is holonomic or non-
holonomic.

In Chapter 6 we present the several kinematic models of nonholonomic systems including
rolling disk, unicycle and car-like robot.

In Chapter 7 we derive the kinematic model of mobile redundant robot with one and two link
manipulator and show that the redundancy under kinematic inversion is one of the source
of nonholonomy.

In Chapter 8 we discuss the free-floating planar space robot of two and three bodies. The
conservation of angular momentum gives the nonholonomic constraints. We derive the total
angular momentum of the system and then convert into Pfaffian form to investigate the
nonholonomic criteria.

Chapter 9 shows the same approach like Chapter 8 for the free-floating 3D space robot.

In all the simulation run we use MATLAB ODE45 as the primary numerical integration
solver, if not mentioned otherwise.



Chapter 2

Mechanical System Constraints

Constraints are imposed on mechanical systems and the actual form of these constraints
may be varied. For example, mechanical interconnections between the various bodies of the
system or two separate bodies may be joined by a rod of fixed length. These constraints may
impose restrictions on the possible geometrical positions of the system then they are called
geometric constraint. Or may restrict the kinematical possible motions of the system, then
they are defined as kinematic constraint. We can see that every geometric constraint must,
at the same time, give rise to a certain kinematic constraint. However a constraint on the
possible velocities of the system need not lead to restrict their possible positions.

2.1 Geometric and Kinematic Constraints

Let us consider a system without constraints then its geometrical position is determined
by n quantities qi,qs,...,q, known as generalized or independent coordinates. Then any
arbitrary variation of these generalized coordinates in time corresponds to a certain motion
of the unconstrained system. If the constraints are now imposed, there will be variations
of the generalized coordinates ¢, ¢o,. . .,q, that no longer correspond to the motions of the
system. The variations of the generalized coordinates and their values must now satisfy
the constraints that are imposed on the system. The number of degrees of freedom equals
the number of independent coordinates or generalized coordinates which are necessary to
determine the configuration of the mechanical system. In general we can say the independent
coordinates of a system of n degrees of freedom is

qi, 425 ---,4n
Now, if we consider the motion of the mechanical system restricted by
hi(q1>Q27'-'7qn):07 izla"'7k<n7 (21)

we call these equations the geometric constraints.

On the other hand if we consider the motion of the mechanical system restricted by equations
depending on both generalized coordinates and velocities,

ai(q17Q27"'7Qn7q.17"'7q.n):07 Z.:]-a"'?k<na (22)

4
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—7< C- Trajectory
C_\ﬁ7 (4,-4,-4;) = 0 -the constraint surface

- the configuration space

q,

Figure 2.1: C' Trajectory lies on the constraint surface

we call these equations the kinematic constraints. In mechanics such constraints are usually
encountered in the Pfaffian form:

a;(q)q =0, 1=1,....k <n, (2.3)

or in compact form
Al@)g=0 (2.4)

The kinematic constraints are integrable if the corresponding system of differential equations
are integrable. Integrable kinematic constraints are essentially geometric constraints.

2.2 Holonomic and Nonholonomic Constraints

The concepts holonomic! and nonholonomic constraints were introduced by Hertz (1894) [6].
A constraint is called holonomic if it is geometric, or, in the case of kinematic constraints, if
it is represented as an integrable differential form, i.e. if it can be expressed as an equation
in the configuration variables; otherwise the constraint is called nonholonomic.

2.2.1 Holonomic Constraints and Degrees of Freedom

Let us consider a single particle in 3-dimensional configuration space M.

hi(q17 unQ?nt) = 07 1= 17 .. '7k <mn, (25)

If a holonomic constraint on the motion of the particle does not explicitly depend on time

hi(Ql? QZ7Q3) = 07 1= ]-7 s 7k <mn, (26)

it is called scleronomic; otherwise it is called rheonomic, as in Eq. (2.5).

The constraint Eq. (2.6) is a 2-dimensional surface in the configuration space. As the motion
of the system proceeds, a path is generated in this configuration space called a C' trajectory
(Figure 2.1) satisfying all constraints is a possible motion, but is not necessarily an actual
motion because actual motions also obey Newton’s Laws [5].

'Holonomic comes from the greek word and means ”completely lawful” (in German: “ganz gesetzlich”).
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Degrees of Freedom

The number of linearly independent virtual displacements of a system is called the number
of its degrees of freedom (DOF):

DOF =n —k, k=1,...,n (2.7)

For a single particle if there are no constraints, DOF = 3, and it takes three independent
parameters to specify the position of the system in configuration space. If there is one holo-
nomic constraint, DOF = 2 that means two independent parameters are needed to specify
the position of the system because motion is restricted on a surface. If there are two holo-
nomic constraint, DOF = 1 that means one independent parameter needed to specify the
position of the system because motion is restricted on a line. And if there are three holonomic
constraint, DOF = 0, that means the particle is fixed.

So we understand that in holonomic systems, DOF may be reduced but DOF is equal to the
number of generalized coordinates of the system. But this is not the case for a nonholonomic
system.

2.2.2 Nonholonomic Constraints and Degrees of Freedom

The nonintegrable kinematic constraints that can not be reduced to geometric constraints is
called nonholonomic constraints. The nonholonomic constraints may be found due to contact
kinematics and/or due to conservation laws, for instance, conservation of angular momentum
which sometimes is defined as dynamic constraints.

The presence of nonholonomic constraints limits the system mobility in a completely different
way if compared to holonomic constraints. Let us consider a mechanical system with n
generalized coordinates and & nonholonomic constraints. Then the generalized velocities
at each point are confined to an (n-k) -dimensional subspace that means the mobility of
the system is restricted to an (n-k) dimensional space. Hence, it is still possible to reach
any points in its configuration space. Correspondingly, the number of degrees of freedom is
reduced to (n-k) but we do not yield an explicit relation between the generalized coordinates.

2.3 The Vertical Rolling Disk

The vertical rolling disk is a basic and simple example of a system subject to nonholonomic
constraints: a homogeneous disk is rolling without slipping on a horizontal plane. The con-
figuration space of the vertical rolling disk is M? = R? x S! x S! and parameterised by the
generalized coordinates q = (z,y, ¢, )T denoting the position coordinates (z,y) of the point
of contact with the zy plane in a fixed frame. The angle 6 is the rotation angle of the disk,
and the angle ¢ characterizes the disk orientation with respect to z-axis as shown in Figure
2.2 [2].

2R? x S! means translation and rotation motion in the (x,y) plane and another S! means full rotation of
the disk around its radial axis.
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A

Z
y
{
| AN
7
P\ -

Figure 2.2: The geometry of the rolling disk(M = R? x St x S1)

A v
dx=dscosg | L

» X

Figure 2.3: Geometrical quantities for the rolling constraint in the plane [10]

The relation between the two angles 6 and ¢ and the position coordinates (z,y) of contact
point Py can be derived by geometric considerations when we rotate the wheel about an
infinitesimal small angle df. With dS = Rdf where R is the radius of the wheel, we get
(Figure 2.3).

dx = ds cos p = Rdf cos ¢ (2.8)

dy = dssinyp = Rdfsin ¢ (2.9)

If we relate the infinitesimal small displacements dx and dy to an infinitesimal small time
interval dt we get the velocities:

dz do :
y = -— = _— pu— 2.].
T= R 57 OS¢ RO cos ¢ (2.10)
dy do -
)= 2 = R—si = 2.11
v= R 7 Sin e R sin ¢ (2.11)
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The above constraints can not be integrated. Because of the non-slipping condition, we get
the nonholonomic constraints of the rolling disk:

i = Rfcosg (2.12)
y = Rfsinp (2.13)
We can write Eq. (2.12) and Eq. (2.13) into Pfaffian form

A(g)g=0 (2.14)
where
1 0 0 —Rcosyp
A(q) = 2.1
(a) {O 10 —Rsin@} (2.15)
and
a=(4.9.4.0) (2.16)

Hence according to non-linear control system theory [1], at each configuration of g, the
admissible generalized velocities are those contained in the m = (n — k) = 4 — 2 = 2 dimen-
sional null space (see Appendix B) of matrix A(q). Eventually if G(q) = g,(q),-.-,8,,(q)
is a basis for this space, all the feasible trajectories for the mechanical system are obtained
as a solution of

a=> glwu =Gl m=n—k (2.17)

So we can write the following equation with

Rcos 0
R cos 0
gl =|"" "7 and gl =] (218)
1 0
and from Eq. (2.17)
q = g (q)u1 + g(q)ue (2.19)

where
u=(u u)" =0 ¢)"

is the vector of control variable of the system. In explicit writing Eq. (2.19) gives

¢ =R cos ©
G2 —Rfsin %
g3 =¢
G =0

This means that at each configuration (z,y, ¢, #) there are only two of the possible four
directions available for the system to move. Note, however, that this does not mean that the
configurations of the system are restricted.
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The Rolling disk on the xy-plane
3 T T T

2.5F

1.5F

N

y[m]
[

Figure 2.4: The rolling disk in R? plane

2.3.1 Simulation results

In the following, some simulation results will be presented for understanding how control
input is used to steer the nonholonomic systems. We assume that the initial state of our
system Eq. (2.17) is go = (1,0, %,0)”, the control input v = (u; u)” = (1 1) rad/sec
and R=1m

(1,0), o0<t<Z disk rolls (anticlockwise)
( ) 0,1), LT<t<Z disk changes its orientation (anticlockwise)
Uy, Ug) =
b (-1,0), T<et<l disk rolls(clockwise)
(0,-1), L <et<T disk changes its orientation (clockwise)
to steer the system from q, to q; = (3.25,0, 5,0)7, where T = 27 sec i.e after one cycle

t = 2m sec of 0 and ¢.
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The Rolling disk: The trajectrory of the configuration variables over time
3.5 T T T T T T

—q,
7q2
—q, H
—q,

ql’q2'q3’q4

Figure 2.5: Trajectory of the configuration variables

The Figure 2.4 and Figure 2.5 show that at ¢ > 0 the disk starts to roll and it rolls up to ¢t < %

so the system reaches form (1,0, F,0) to (1 + 2\[ 2\[, T 2) while ¢ = 7 keeps constant.

Wlthln Z<t< T the disk changes its orientation only and it reaches at (1 + 5 ﬁ’ 2\“/5, ST
;5 After then w1th1n % <t< 3{ the disk again rolls (clock\mse) keeping ¢ = ?jf con-

stant and it reaches at (3.25,0, 3:, 0). And finally within 2L <t < T the system reaches at

(3.25,0, 7, 0) while the disk changes its orientation only (ClOClese) but other configuration
variables keep constant. So we understand that there is no limitation on the configuration

space M that may be attained by the vertical rolling disk by using appropriate control vector.
Special Remark on rolling disk

We found that Eq. (2.12) and Eq. (2.13) can not be integrated, but in a special case where
the angle ¢ = o = constant (that means the path is a straight line) the constraint can be
integrated as follows:

T — Tog = R(Q - (90) COS ©q
Y —yo = R(0 — 0p) sin ¢y
where 0y, xg and 1y define the initial conditions.

Now we have a unique relation between the angle 6 and the two coordinates (x,y). This
means that we have only one degree of freedom, the motion can be fully described by the
angle 6 So resetting the angle ¢ = ¢y = constant, changes the problem from a nonholonomic
to a holonomic system [10].



Chapter 3

Integrability of the Constraints

In the previous example of the vertical rolling disk we found that there are two constraints and
both of them are nonintegrable that means the system is completely nonholonomic in nature.
In this chapter we will elaborate more about the integrability of the system constraints and
its nonholonomic characteristics.

3.1 Determination of Holonomic/Nonholonomic Con-

straints

In section 2.1 we already mentioned that we can write the constraints in the Pfaffian form.
If the Pfaffian form is an exact differential, then the constraint is integrable. The following
theorem is a very useful result.

Theorem

Let us consider a single Pfaffian constraint

m

> aj(q)g; =0 (3.1)

J=1

Then it is necessary and sufficient for the existence of an integral of this equation of the form

f(qlv QZa"-aqn> =0 (32)

that the equations
0 dag da, O 0 0
%(ﬂ_i>+%(i_&)+%(ﬂ_ﬁ):07 (3.3)
940 Ogs 9qy  04a dqs  Og
a,3,7v=1,2,...,n be simultaneously and identically satisfied [5].
Example 1. For the following differential constraint in R* [1]
@i+ ¢1G2+q3 =0 (3.4)

11
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we can write the above equation in Pfaffian form

¢
1 o 1] ¢ =0 (3.5)
qs

with a(q) = (a1, a2,a3) = (1,¢1,1). Thus for Eq.(3.4) to be integrable the only requirement

is that 5 3 5 5 5 5
a9 as as a1 ai a2
|l —— )4+ ———4+a3| ———] =0 3.6
' (56}3 0612) 2 <0q1 8(13) ’ (é’qQ 8q1) (3.6)

and then we obtain

a1(0 — 0) + az(0 — 0) + as <0—2—Zf) = —a3 #£0 (3.7)

Hence the above equation is not integrable.

Example 2. Consider the following two differential constraints in R? [1]

@+ qg2+q3=0
¢t + 42+ qg3 =0
When regarding each of the two equations separately (the first one is the previous example

and second one is similar to the first one) we find immediately that neither one is integrable.
But when taken together, we can get the following

G+ (@ +1)g=0 (3.10)
@i+ (@ +1)gz=0

These above equations are integrable and we obtain

@2 +log(gn +1) = (3.11)

G2 — (43 = C2

where ¢; and ¢y are constants.

So when we are dealing with multiple kinematic constraints, the nonholonomy of each con-
straint considered separately is not sufficient to infer that the whole set of constraints is
nonholonomic. In fact, it may still happen that k, < k independent linear combinations
of the constraints are integrable. So we may conclude that the system configurations are
restricted to the (n — kj)-dimensional subspace by the level surfaces of f;(q) as follows

{g,€eR": fila) =c1,..., fak, () = Cni, }

In the particular case of k, = k, the set of differential constraints is completely equivalent
to a set of holonomic constraints; hence it is itself holonomic.



CHAPTER 3. INTEGRABILITY OF THE CONSTRAINTS 13
3.2 Integrability and Kinematic Model

Consider a collection of mechanical particles in n-dimensional configuration space whose
position vector is

I':I'(ql, (127---7%) (312)
Then the velocity vector 1 is a tangent vector, since

n

. d or .
r= Er(QIa q2, - - - aQTL) = Z 8_%(]1 (313)

1=1

If there exists one holonomic constraint in the following form

n = aq1 +bga + ... 4+ qn_1
= f(qla q2, ... 7Qn—1) (314)

then we can write the position vector in the following way

r= I'((h» q2; .-, 4qn-1, f(q1a qz, - - . 7(]77,—1))
- r(Ql) q27"~)Qn—1) (315)

That means the dimension of the configuration space is reduced by one holonomic constraints.
But if we consider one nonholonomic constraints (k,, = 1) in the following form

Gh+qgp+ag+...+¢ =0
f(a,9) =0 (3.16)
A(q)q =0

Then the instantaneous mobility of the system is restricted to an (n — 1) dimensional space
but the position vector is the same as before,

r=1(q1, G2,---,qn) (3.17)

which implies that the degrees of freedom are reduced by nonholonomic constraints. But the
system is able to reach any configuration space with specific motion sequence.
To find out these motions we will consider the nonlinear control theory to formulate the
associated kinematic model.

If we consider k Pfaffian constraints as given by Eq.(2.4), at each configuration q , the
admissible generalized velocities are those contained in the (n — k)-dimensional null space of

A(q).

If G(q) = g,(q),...,8,(q) is a basis for this space, all the feasible trajectories for the
mechanical system are obtained as a solution of

q= Z g;(q)u; = G(q)u, m=mn-—Fk (3.18)
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for any arbitrary u(t). Eq.(3.18) is regarded as a nonlinear control system with state vector
q € R™ and control input u € R™. From a mechanical point of view, it is an underactuated
system, because there are less number of inputs than generalized coordinates (n > m).

The choice of G(q) in Eq. (3.18) is not unique, and we can choose the columns g; in such a
way that the corresponding u; has direct physical meaning. Moreover, there is no relationship
with the true mechanical input with vector u. For this reason, Eq. (3.16) is referred to as
the kinematic model of the constraint system. And the vector fields g(j) have a contribution
for further analysis of the system to become a holonomic or nonholonomic, which will be
discussed in the next Chapter.



Chapter 4

Lie Bracket and Nonholonomy

In the previous Chapter we came to know the kinematic model of the system as well as the
vector fields g. In this chapter we would like to show how these vector fields g act as an
important role to investigate the system behaviour being either holonomic or nonholonomic.
Since there is a close link between nonholonomic constraints and controllability of the nonlin-
ear systems. The analysis of nonlinear control systems requires the concept from differential
geometry. For this reason in this chapter we will also discuss some mathematical concept
from differential geometry such as Tangent Vector, Tangent Space, Vector field, Distribution
and Lie Bracket as well. Detailed Lie bracket calculations are shown in Appendix C.

4.1 Tangent Vector, Tangent Space and Vector Field

Tangent Vector is an operation that maps smooth real function on neighborhood of g to the
real line (Figure 4.1)[8].

Tangent Space is the set of all tangent vector at point q € M (Figure 4.2)[7].

A vector field is an operator that associates a tangent vector X, with q. The vector fields
give the direction in which the system can move at a given point q on the configuration
space M (Figure 4.3)[8].

St

Figure 4.1: Tangent vector

15
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™
M
Figure 4.2: Tangent Space

M I M

Figure 4.3: Vector field

An integral curve of a vector field is a smooth curve mapping (t1,%3) to the configuration
variables in the configuration space which satisfy ¢(t) = g(c(t)) (Figure 4.4) where c(t) is

considered as the flow ¢J(q) of the vector field g [8].
For example in the linear systems q = g(q) = Aq where the flow ¢J(q) = eA%.

The flow has a very important property. Let us allow a pebble to flow into a vector field for
time t1, and then flow a little more for time t5. The result will be the same if the pebble had
flowed for time ¢; + t5. Then we get the following composition of their flows [4].

g1 g1 __ 192
O Py = Pi1yo

t1

.-H‘lr/__\

Figure 4.4: Integral curve
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q() q(2t)
g

2, )

g
q(0) q(?)

Figure 4.5: The closed parallelogram (The commute flows)

a(0) o

Figure 4.6: The non-commutative flows

This means that
O 0 01 = 08 = o o 67,

and ¢{' has a smooth inverse, so it is what we call a diffecomorphism, an isomorphism in the
world of smooth manifolds. A smooth manifold is a type of topological space that locally
like some R", in such a way that we can do calculus on it and the adjective 'smooth’ means
that we can take as many derivatives as we want [4].

Now we consider the two constant vector fields g, and g, . Then the composition of their
flows is generally commutative, that means if we drop the pebble in order to flow with g, for
time ¢, and then with g, for time ¢, the pebble will end up the same place if it flows first with
g, and then with g, (Figure 4.5). If the vector fields are not constant then the composition
of their flows is generally non-commutative (Figure 4.6) and that is

it o ¢l = ¢ o

We can define another new vector field [g;, g,] or [g,, &;] to find out how much the flows fail
to commute. And that is

81,85 = — (8, &1] (4.1)

called Lie bracket of g, and g,.
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x(0)

x(&)

Figure 4.7: The Lie bracket motion

4.2 Physical Interpretation of Lie Bracket

Consider the two vector fields ¢, and g, their associate differential equation is

X = g (X)ur + gy(X)uz

(4.2)

where u; and wuy are the control inputs. If these two inputs are never active at the same
time, the solution of the Eq. (4.2) is obtained by composing the flows relative to g, and g,.

Considering the following input sequence:

(1,0), 0<t<e
0,1), e<t<2e
(ul,u2) = ( ) (43)
(—1,0), 2e<t<3e
(0,—1), 3e<t<de

where € is an infinitesimal interval of time. If the trajectory arising from Eq. (4.3) does not
form a loop i.e., it end up to the starting point, then the motion primitives do not commute.
Therefore, sequence of motion primitives in Eq. (4.3) will be referred as the commutator
motion. The solution of the differential equation at time 4¢ is obtained by following the flow
g,, then g,, then —g,, then finally —g, as follows (Figure 4.7) [1]:

X(4e) = ¢ % 0 927 0 ¢ 0 7' (x(0))
We will get the solution of Eq. (4.4) by using Taylor series, and we will get the trajectory

(4.4)

from the first motion primitive,(u,us) = (1,0), that can be expressed as

x(g) = x(0) + ex(0) + %a%‘&(@) +... (4.5)
where
= 4 (k= () = 0 g (x) (4.6)
Putting # into Eq. (4.5)
. 1, (0g
x(e) = x(0) +ex(0) + = — 1(x(0)) + ... 4.7
(@ =x0) +2x0) + 32 () m(x0) (47)
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Then for the second motion primitive (u1,us) = (0,1) the Taylor series expansion is

x(22) = x(0) + () + 57 (G ) max0) 4 (4.5)

2
To simplify the expression, the evalution at x(0) has been dropped from every occurrence
of g, and g, and their derivatives. By using the Taylor series expansion in Eq. (4.7) we can
obtain the expression for go(x(£)) to express x(¢). After then substitute the first term of Eq.
(4.8) by using Eq. (4.7). Then Eq. (4.8) becomes

10g g 10g
x(2¢) = x(0) + eg, + (58_;& + (9_x2g1 + 56—582 +.. (4.9)
The Taylor series expansion for the third primitive motion
0g g 10g
x(3¢) = x(0) + eg, + &* (6_><2g1 - 8—X1g2 + éa_;gz +... (4.10)
Finally, after all four motion primitives we get the following Taylor series expansion
Jg Jg
x(4e) = x(0) + &2 (8_x2g1 — 8_xlg2> +O(e%) (4.11)
In Eq. (4.11) the coordinate-dependent expression is
og g
1,8] = (E)_ngl - 8_x1g2) =83 (4.12)

is called the Lie bracket of g; and g,. The above computation shows that, at each point,
infinitesimal motion is possible not only in the directions of g, and g, , but also in the
directions of their Lie bracket, g5 [1] . If the commutator motion Eq. (4.3) can not produce
any net motion i.e. g5 = 0, then we get x(4¢) = x(0) that simply means ¢g; and go commute
(Figure 4.5). In Figure 4.5 we consider the flow g;, then g,, then —g;, then finally —g, then at
x(4¢)the system reaches its starting point. Then we can conclude that if the vector fields are
commuting that means we are trapped on a surface. Then it is impossible to leave the surface
by using the commutator motion, and if the system is trapped on a surface, the system is
completely integrable. We can form a vector space from the vector fields of the system that is
called the system distribution (more details in section 4.3) and if we have commuting vector
fields then we get the corresponding distribution known as involutive distribution. Then we
come up with another conclusion that if we get the involutive distribution then we can say
the system is completely integrable (Frobenius Theorem, Appendix D) .

4.2.1 Lie Bracket Example: Unicycle Model

In the case of the unicycle model (Figure 4.8) [3], we will get the following kinematic model

T vcosf cos 0
q= |y| = |vsinf| = |sinf| v+ [0| w=gu + gyus (4.13)
0 w 0 1
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A

Figure 4.8: The unicycle (R? x S') ( The two wheels collapse into one single wheel located
at mid point )

Table 4.1: Lie Bracket examples for different g vectors

Case q u=(u; up)?  Active Remark
rad/sec vector field
1 (0,0, %)T (1 0T g Pure translation (Figure 4.9)
2 (0,0, %)T o 1T g Pure rotation (Figure 4.10)
3 (0,0, %)T 1 1T 2,8 Combined motion (Figure 4.11)
4 (O, 0, %)T us =1 g, Sideways motion (Figure 4.12)

where
u=(u; w)’ =W w?’

and v is the translational velocity, and w is the angular velocity.

In this example we will get the two vector fields g, and g, and the physical meaning of g,
is pure translation and g, is pure rotation of the motion. We will discuss the same problem
in details in section 6.2.

Now we will present some simulation results for different cases which are shown in Table 4.1.

In case 1 we take the input u; = 1 rad/sec and uy = 0 so that only the vector field g, is
actively playing on the system. Figure 4.9 shows only the translation motion of the system
while g3 keeps constant.

In case 2 we take the input u; = 0 and us = 1 rad/sec so that only the vector field g, is
actively playing on the system. Figure 4.10 shows only the rotational motion of the system
while ¢1,q> keep constant.

In case 3 we take the input u; = 1 rad/sec and us = 1 rad/sec so that the both vector fields
are actively playing on the system. Figure 4.11 shows the combined motion of the system.
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q, rad/sec

yim]

yim]

qs[rad/sec]

Case 1: The trajectory of the unicycle in the xy—plane u:T(l 0)

0.5 1 15 2 25 3 35 4 4.

x[m]

15F

0.5

Figure 4.9: Pure translation

Case 2: The trajectory of the unicycle in the xy—plane u=(0 1)

T T T
[+ contact point of the unicycld

t[sec]

Figure 4.10: Pure rotation

21
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Case 3: The trajectory of the unicycle in the xy-plane u=T(1 1)
2 T T T T

E osf i
>
ok |
_05 L L L L
=z -15 -1 -0.5 0 0.5
8
ey
6l - —q,
_— — %
at - — g
s -
= o — B
o - — I
0 _— T \\\¥7J i
_2 L L L L L
0 1 2 3 4 5 6 7

Figure 4.11: The combined motion

We know that by applying Lie bracket operation we can get other vector fields g to determine
all possible directions of the motion.

If [g,, 8] is not in the span of vector fields g, and g, then by concatenating flows of g; and
g,, we obtain the motion in a new independent direction (see Appendix C):

gs = (81, 8] = [sinf —cosd 0]

A set of vector fields gy, g, and g, is independent everywhere. After applying the Lie Bracket
we find n linearly independent columns, then we can control our system in all n variables. In
the unicycle example the combinations of g; and g, directions are shown in Figure 4.11 while
the motion [g;, g,] takes the unicycle sideways and corresponds to the parking manoeuvre
(Figure 4.12).

As we discussed before in previous section 4.1 we can easily get the sideways motion with
the following input profile:

,0), 0<t< %127T
), 2r <t < %27?
2 2
,O), 1271' <t< 3?
0,—1), 3% <t <427r

(
(u1,ug) = E (4.14)
(

In Figure 4.13 we find that at the first primitive motion the unicycle translates (forward)
along the vector field g; while q5 keeping constant. Then at the second primitive motion the
unicycle rotates (anticlockwise) along the vector field g, while q, q, keeping constant. Then
at the third primitive motion the unicycle translates (backward) along the vector field g,
while g4 keeping constant. Then finally at the fourth primitive motion the unicycle rotates
(clockwise) along the vector field g,.
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Case 4 : The trajectrory of the unicycgstn
0 T T T

yim]

0 0.5 1 15 2 25 3 35 4 4.5

7q1
JE— qZ

Figure 4.12: The unicycle sideways motion

The trajectrory of the unicycle using commutator motion

15 T T T T

ylm]
o
o

o] 0.5 1 15 2 25

X[m]

Figure 4.13: The unicycle sideways motion using commutator motion.
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I Af
A 1

‘ D(q)

L]

Figure 4.14: Distribution
4.3 Distribution and Nonholonomy

4.3.1 Distribution

It is an operator that maps the point q on the configuration space M to a linear subspace
D(q) of the tangent space TqM Figure 4.14 [8].

So if we have the vector fields g,(q), ..., g,,(q) and if we assume that these vector fields are
linearly independent then we can get the following m-dimensional vector space with u; € R™

q =g (qQui + g (qQuz + ... + &, (Qum

which is called the distribution of the set {g,(q),...,8,.(q)} of vector fields, and it is denoted
as A . Since the distribution is almost a vector space, the span notation from linear algebra
often is used to define it:

A(q) = span{g,(q), ..., g, (q)}
= Zgj(Q)uj
= G(q)ue D(q) Cc T,M

The dimension of a vector space is the number of independent basis vectors. Therefore, the
dimension of A(q) is the rank of G(q) and it is denoted by dim (A(q)). A distribution A(q)
is involutive if it is closed under Lie Bracket operation :

gi(q) € D(q) and gy(q) € D(q)

[g1(a),8.(q)] € D(q)

If for all @ € R™, the dim(A(q)) = r and further if » = constant for all q , then we
call r the dimension of the distribution. If for all g € R", the dim(A(q)) = m then the
A(q) is called a non-singular or regular distribution. The points q € R™ for which the
dim(A(q)) < m are called the singular points and the corresponding distribution is called
the singular distribution. A distribution A(q) is completely integrable if there exist (n — k)
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real-valued functions h; such that

Oh; "
8—qgj(<1) =0,q€R" g;(q) €A (4.15)
foralli=1,...,n—kand j =1,..., k. In this case we will get the level surfaces

{gl € R™: hl(q) =0C1, .. ahn—k(q) - Cn—k}

which is called the integral manifold of A(q).

4.3.2 Nonholonomy

If we have non-singular distribution then there exists another set of g vectors which we will
get from Lie bracket operation. From the kinematic model we know that the dimension of
G(q) is (nxm). Then G(q) can be easily augmented into another distribution matrix, G'(q),
which is called accessibility distribution (more details in section 5.2) matrix of n x (m + k)
dimension, by adding [g; g;] as a new column where % is the number of nonholonomic
constraints.

Consider G'(q) has full rank this simply means we will get linearly independent g, vectors
which implies that the system is completely nonholonomic, otherwise it is holonomic or
partial nonholonomic. In the case of the unicycle model, we have n = 3 and

A = Span{gla gQ}

which means that G(q) is non-singular. And we get
g: = [g,8))" =[sinf —cosf 0]F € A; # involutive

Ay = span{g;, g,, 85} and A, is the involute closure of A;.

Then we get the following accessibility distribution matrix:

cos¢ 0 sinf
G'(q) = [sinf 0 —cosd (4.16)
0 1 0

So the rank of G'(q) = 3 which means full rank. And the determinant of G’(q) is non-zero
for all g € R3, which means that g; is linearly independent of g; and g,. So by Frobenius
theorem (see Appendix D) the system is not integrable i.e. the system is nonholonomic.

Special Remark

If we have only one vector field in the kinematic model (Eq. 3.18) i.e., m = 1 then its
corresponding distribution is always involute, hence the system is integrable. In section 8.1,
the two-body Planar Space Robot, we will get only one vector field.



Chapter 5

Classification of Mechanical Systems

We already know from Chapter 3 that by using Lie bracket we can get all independent vector
fields g which determine the possible directions of the motion. These vector fields g further
are related to the motion planning problem of the nonholonomic systems. In this Chapter we
will classify the nonholonomic system based on these independent vector fields g and their
corresponding distribution which is called accessibility distribution.

5.1 Controllability and Accessible Region

In Chapter 2 and Chapter 3 we have discussed the vertical rolling disk and unicycle. Both
of these cases we found that we can steer them from q, to q; by using proper input vector
fields u. That means there exists a trajectory q(t) from q, to q; that satisfies their own
(nonholonomic) kinematic constraints. For this reason both of these (nonholonomic) systems
are controllable and there is no restriction to access the whole configuration space M (The
dimension of the accessible region is n).
But if we have holonomic kinematic constraints then the motion of the corresponding system
is always confined on the constraint surface or the system motion is confined to an m-
dimensional manifold (The dimension of the accessible region is m ).
So we can conclude the kinematic constraints imply a loss of accessibility of the system con-
figuration space M. Now at this moment we can define the number of kinematic constraints
by

k= kn+ kun (5.1)

where
k;, = number of holonomic kinematic constraints

and
k,» = number of nonholonomic kinematic constraints

If k., = 0 the accessibility loss is maximal. Hence the integrability of the kinematic con-
straints define the dimension of the accessible region of the configuration space.

26
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5.2 Accessibility Distribution

The dimension of the accessible region of the configuration space is determined by the accessi-
bility distribution. For this reason recall the associate kinematic model of Pfaffian constraints
(Eq. 3.18):

q= Z g;(q)u; = G(q)u, m=mn-—Fk (5.2)
j=1
where
n number of generalized co-ordinates
k number of kinematic constraints
m mobility of the system

Here the dimension of G(q) is (n x m) and we can write down the distribution of G(q) as
follows

Ag(q) = span{g(q), - - -, g, (a)} (5.3)

Considering is a non-singular or regular distribution, means has full rank. Then we can
compute repeated Lie brackets (Eq. (4.12), see Appendix C) of the input vector fields
g.(q),...,8,,(q) of the system (Eq. (5.2)) to get other vector fields g to determine all pos-
sible directions of motion. If we have constraints then we will get the following linearly
independent vector fields g by applying the Lie bracket operation:

tG(q) = {.8,(q),....L 8, (q)} (5.4)

And we can write down the corresponding distribution as follows

ApG(q) = span{.g;(q), .., &, (2} (5.5)

After then we can form G'(q) matrix consisting of G(q) and ;G(q) This new matrix is
called the accessibility distribution matrix of dimension n x (m + k,;). That means G(q)
can be easily augmented into another distribution matrix, G’(q) by adding k,; new columns,
shown by the following Eq (5.6).

G'(a) ={g,(q),---,8,(Q),2&(q), - L8, (9} (5.6)

So we can define the accessibility distribution of the system

Ag/(q) = span{g,(q),...,g,(a).c & (a),...,L &, (q)} (5.7)

which is the involutive closure distribution® of the nonsingular distribution Ag(q), that means
it spans R™**  Then we obtain dim(Agrq) = m + knn so we will get the following
conclusion (Figure 5.1):

IThe involute closure A of a distribution A is its closure under the Lie bracket operation.
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Completely Nonholonomic
Holonomic(k,, =0) l (k, =)
nh

Singularity begins l Partially Nonholonomic

Figure 5.1: Classification of Mechanical System

if k,p=Fk, max dim(Ag/(q)) =m +k =n System is completely nonholonomic
if Ky = 0,max dim(Agr(q)) = m + 0 =n System is completely holonomic
m+1 < dim(Agrq)) <n System is partially nonholonomic
m+ 1< dim(Ag(q)) Singular distribution,
Singular point exists in ¢ € R"

Physically this means loss of one or more DOF’s

5.3 Summary

To investigate the mechanical system based on Lie bracket operation we will do the following
procedure.

1% step: Write down the kinematic constraints of the mechanical system into Pfaffian form:

A(q)g=0

2" step: Write down the kinematic model of the mechanical system by means of non-linear

control theory:

q=> giqu =G(qQu, m=n—k
=1

37 step: To determine the rank of G.xm(q) The necessary condition for further investigation
whether the system is holonomic or nonholonomic is:

rankG(q) > m

Then we can create other linearly independent vector fields g by means of Lie bracket oper-
ation. We can get the number of maximum linearly independent vector fields g is equal to
the number of generalized coordinate system.

4 step: To generate the accessibility distribution matrix G'(q), by augmenting the G,,x,»(q)
by adding [g;, g;] as a new column.

q=G/'(qu’
= Agr(q)
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5" step: To investigate by means of Frobenius Theorem [1]. To determine the rank of the
accessibility distribution matrix G'(q) If the G'(q) has full rank, i.e.,

rank G'(q) = n
and
det G'(q) # 0

then according to the Frobenius Theorem, the corresponding system is fully nonholonomic.



Chapter 6

Examples of the Kinematic Models

In this Chapter 6 and in the three succeeding Chapters 7, 8 and 9 we will discuss and
investigate the nonholonomic nature of various mechanical systems. Hereby, we will take
care of the results obtained by the formulation for classification of nonholonomy derived in
the Chapters before. We will consider three different sources of nonholonomy:

A. Rolling contacts without slipping (Chapter 6)

B. Mobile redundant robots with given EE trajectory (Chapter 7) (without taking care
of the linear and angular momentum of the system)

C. Conservation of angular momentum in multibody systems (Chapters 8 and 9)
In this Chapter 6 we therefore will investigate the following three examples:

1. The Vertical Rolling Disk

2. Unicycle.

3. Car-like Mobile Robot.

6.1 Vertical Rolling Disk

For this system, the configuration space has dimension n = 4 (see Figure 2.2) and q =
(2,9,0,0)" The input vector fields of kinematic model corresponding to Eq. (2.14) is com-

puted as
g, =[Rcosp Rsing 0 1]" (6.1)
g, =0 0 1 0" (6.2)
So we obtain the regular distribution Agq) = span{g;(q),g,(q)} Then compute (see Ap-
pendix C)
g = [81(q).82()] = [Rsing  — Rcosp 0 0] (6.3)
g1 =[85(q),84(a@)] = [Rsinp Rcosp 0 0 (6.4)

30



CHAPTER 6. EXAMPLES OF THE KINEMATIC MODELS 31

A

v

Figure 6.1: The unicycle (R? x S') (The two wheels collapse into one single wheel located at
mid point )

So we build the corresponding accessibility distribution

Ag/(q) = span{g;(q), 8,(q), g3(q), g4(a)} (6.5)

We see that dim Ag/(q) = n that means G'(q) has full rank. Hence, by Frobenius theorem
the system is not integrable, i.e., the system is completely nonholonomic.

6.2 Unicycle

The kinematic model of the unicycle with the state q = (z,y, #)* is described by the following
equation (Figure 6.1) [3]:

y| = [sinf 0 (6.6)
0 0 1

Where v, w are linear and angular velocities of the unicycle, and z,y is the position of the

T cosf@ 0
i

unicycle, while 6 describes its orientation. Eliminating the input v from Eq. (6.6) leads to
the following kinematic rolling constraint which is not integrable (k = k,, = 1) :

zsinf —ycosh =0 (6.7)

which implies no side-slip condition under the assumption of rolling contact. That means the
instantaneous velocity of the point of contact of the unicycle is equal to zero at all times. So
we get the following vector fields (see also Chapter 4.2.1)

g,(q) =[cos® sind 0] (6.8)
g(a)=[0 0 1" (6.9)

dim Ag(q) = span{g;(q),g,(a)} = 2, which is non-singular. Applying Lie bracket operation

gs(a) =[g:1(a), gx(a)] = [siné  —cosd 0" (6.10)
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A

Figure 6.2: Car-like Robot R? x S* x xS* ( The right sketch: tang = %)

Then we get the following accessibility distribution

cosf 0 sinf
G'(q) = |sinf 0 —cosf (6.11)
0 1 0

So the rank of G'(q) = 3 (full rank) and the determinant of G'(q) is non-zero for all q € R?,
which means that gs(q) is linearly independent of g,(q) and g,(q). Hence, by Frobenius
theorem the system is not integrable, i.e. the system is completely nonholonomic.

6.3 Car-like Robot

Consider a mobile robot having the same kinematics as an automobile, as shown in Figure
6.2. For simplicity we assume that the two wheels on each axis collapse into a single wheel
located at the mid point of the axis (bicycle model). The front wheel can be steered while
the rear wheel orientation is fixed [1].

The generalized coordinates are q = (x,y,0,¢)T, where (x,y) are Cartesian coordinates of
rear wheel axle midpoint, ¢ is the steering angle with respect to car axis, and 6 measures
the orientation of car body with respect to the z-axis.

The system is subject to the following nonholonomic constraints on front-axle and rear-axle
mid point respectively (see Figure 6.2):

Ty Sin(@ + ¢) — Yy Sin(9 + ¢) =0 (6.12)
Zsinf — ycost =0 (6.13)

Further we have two holonomic constraints kj, = 2:

Ty =ax+lcost (6.14)
Yr =1y +lcosf (6.15)
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where [ is the distance between the axles. And by time differentiation we obtain

iy =i —1fsinf (6.16)
gr =1 — 0 cos b (6.17)

Eliminating @, and ¢y into Eq. (6.12) and we get
isin(f 4 ¢) — ysin(f + ¢) — @ cosp = 0 (6.18)

Now we can write Eq. (6.13) and Eq. (6.18) in Pfaffian form

A(q)q = (6.19)

T

sin 6 —cosf y

2

sin(f + ¢) —cos(d +¢) —I Cosqb O 0 (6.20)

¢

Let us consider the following input vector

u=(u; w)' = wy)’ (6.21)

where v is the linear velocity of the car wheels and wy = ¢ is the steering angular velocity.
So we get the following kinematic model.

& =wvcosb (6.22)
Yy =vsind (6.23)
6= %tanqﬁ (6.24)
b= w; (6.25)
and finally in vector-matrix formulation:
T cosf 0
o o= 9 ] o
o) 0 1
According to Eq. (3.18) we can express Eq. (6.26) in the following form
=G(qQu=> giqu;, m=n—k (6.27)
=1

where n = 4 and k = k,, = 2. G(q) is the nullspace of constraints matrix A(q) and
{g1(q),8,(q)} is a basis for this space, (see Appendix B). Finally we get the following
kinematic model:

cos
sin @
% tan ¢
0

v+ wr = gy(a)ur + gy (q)uz (6.28)

_— o O O
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The first vector field g; tells us the direction we would go for a fixed ¢ and the second vector
field g, physically means that the steering depends only on ¢. By using Lie Bracket operation
(see Appendix C) we get

1 T
p— = —_— .2
o) =@zl = [0 0~ o) (6.20)
(@ =@, gala)] = [0 S8y o) (6.30)
g4q) = (8:1a),83\9)] = o lcos?o .
So we build the corresponding accessibility distribution
Ag/(q) = span{g;(a), 8:(a), g3(a), g4(q)} (6.31)

We see that dim(Agr(q)) = n that means G'(q) has full rank, so we conclude that according
to the Frobenius Theorem the corresponding system is completely nonholonomic. But it
should be carefully considered that singularity exists at ¢ = +7 where the first vector field
blows out.



Chapter 7

Mobile Redundant Robot

Inverse kinematics now is introduced as a means to create nonholonomic behavior. It should
be noted that we have no kinematically nonholonomic constraints as in the examples before.
Here we will consider simple examples for studying the kinematic behavior of manipulators
with rotary joints that are based on moving base. But the dynamics of the system i.e., the
conservation of linear and angular momentum is not being considered. This then will lead
to the more general study for a free-floating planar space robot (Chapter 8) and finally to a
3D space robot (Chapter 9). In Chapter 8 and 9 full dynamics behavior is considered.

For simplicity we will consider the following planar mobile base with manipulator and its
end effector (EE) which is performing a 2-dimensional task. Here the joint coordinate vector
is q = (q1, ¢, q3,q4)" and the given EE task vector is £ = (&, &)7.

7.1 Inverse Kinematics

Here we will get the relations between the EE location and the mobile manipulator configura-
tion. We know that Forward Kinematics (FK) expresses the EE location as a function of the
mobile manipulator configuration. In our case the EE location is described by & = (&, &)T
where as (£, &) are Cartesian coordinates of point Ogg. In our example FK writes:

fl =q + b cos g3 + ly COS g4
& = qo + 11 cosqs + I3 cos qu

We can write

§ =1(q) (7.3)
with £ = (&;,&)T and for the corresponding velocities
¢ =J(a)d (7.4)

with Jacobian matrix

of — 3 —
3(q) |1 0 —licosgs l5 cos gy (7.5)

:a_q_ 0 1 —lijcosqs —lacosqy

35
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Vi A

Yo

X

Figure 7.1: Mobile Robot

and q-= (CI17 42, 43, Q4)T - (l’b, Yb, 937 94)T

The Jacobian matrix J(q) is not a square matrix. In order to calculate the velocities ¢, it is
common to take the pseudoinverse:

a=J"(a) (7.6)
where
IT =) (I ()T (@) (7.7)
But in our case we will choose the weighted pseudoinverse J! (q),
Il (a) = W3 (q)(I(a)d" () ! (7.8)

where IV is a weighted matrix that can be chosen appropriately in such a way that we have
the possibility to tune the system to exhibit no additional singularities. In our particular
case we will choose

1 0 0
W=1[01 0 (7.9)
0 0 w?
and hence
1 0 0
Wl=101 0 (7.10)
00 #
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Table 7.1: The different cases for redundant robot

Case Number of links Geometry DOF EE Trajectory Others
1 1 =0 +1l,=15m 3  Closed circular path Using J! (q)
2 2 [; =1.0m 4 Closed circular path  UsingJ! (q)
lh,=15m

where w is a non-dimensional numerical value. Regarding J! (q) into Eq. (7.6) leads to

q=J0(a) (7.11)

Although we did not start with description of nonholonomic constraints in Pfaffian form we
can consider Eq. (7.11) as an equivalent kinematic model of the system where

Ji,(a) = G(q) (7.12)
E=u (7.13)

7.2 Case Studies

Now we will investigate two different cases which are shown in Table 7.1. Case 1 is a one
link system and case 2 is a two link system.

7.2.1 Case 1: One Link Manipulator

The rotating joint at point B is blocked, i.e. g4 = 0 for all time. We have only one link with
[ = 1; + [ that is hinged in O'.
Now Eq. (7.1) and Eq. (7.2) are reduced to

& = g1 +lcos gy (7.14)
§2 = q2 + Isings (7.15)

and the Jacobian is

J(a) (7.16)

_%_

_of  [1 0 —Isings
0 1 lcosgs

The weighted pseudoinverse, JL(q) has been calculated by using Maple software (see Ap-
pendix G ). This gives

w? + 12 cos® g3 12 cos ¢z sin ¢3
[?cosgssingy w? 4 1% —1%cos?qs [2 (7.17)
—[sin g3 [ cos g3

1

JL(Q) =G(q) = w2—+l2
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where
1 [w? + 12 cos? g3
gi(a) = w12 1% cos g3 sin g3 (7.18)
—[sin g3
1 [ [?cosqssings
() = 5 | AP —LPeos’yy P (7.19)
w
[ cos q3

After Lie bracket operation we obtain the following g, (q) vector in which the system is
possible to move in this direction:

2 [ sin g3
gs(a) = CEENEE —lcos g3 (7.20)
l
The accessibility distribution is
Agr(q) = span{g;(q), 8(a), gs(a)} (7.21)

and in order to have the system being nonholonomic, we must show that

dim (Ag(q) =3 (7.22)
det (Agl(q)) 7§ 0 (723)

But these two criteria are expected to depend on the value given for w . One necessary
condition is

dim (Agr(q)) = dim (span{g, (), g(q), g3(a)}) = 2 (7.24)

which is satisfied for any number | w |> 0, and G(q) becomes nonsingular. As we discussed
before in Chapter 5, we can remark that the system is nonholonomic since G'(q) has full
rank.

Special comments

If w — oo then g;(q) and g2(q) become

gi(a)=(1 0 0)" (7.25)

and
g(a)=(0 1 0)" (7.26)
Then a simple computation shows that gg(q) = (0 0 0)” (Eq. 7.20), so that Ag(q) is

involutive and hence the system becomes holonomic.

In the simulation it has been shown that how system behaves on different values of w and
sampling time ¢, (Figure 7.2). Let the system base points O’ reaches at (z4f,yss) after one
cycle i.e. t = 27 sec. Then we get the distance between the initial and final position as follows



CHAPTER 7. MOBILE REDUNDANT ROBOT 39

Case 1: System behavior on weighted parameter and sampling time
3.5 T T

— t=1sec
t=0.5 sec
3t — t=0.25sec
— t=0.1sec
— IS:O.Ol sec

tS:0.001 sec ||
holonomic line

0T 0T o

@

distance d(wél [m]
=
oL

-0.5— L I

Weighted parameter, w

Figure 7.2: System behavior on weighted parameter

d(w,ts) = \/(ﬁfbf — 240)% + (Yor — Yno)? (7.27)

Figure 7.2 illustrates that the system comes to touch the holonomic line sharply just after
w > 4 as well as small sampling time has an important role on the system behavior.

Holonomic Line

Let us consider g;(q) = (1 0 0)” and go(q) = (0 1 0)T. Then we find that the system
reaches its original position after one cycle. We get the nearly zero distance between the
final and original position depending on sampling time ((Figure 7.3),(Figure 7.4)). So taking
infinitesimal sampling time e, the system finally reaches its original position just after one
cycle. So for a fully holonomic system d(w — 00,ts — ) would not be varied on weighted
parameter only but also depends on sampling time. But for a fully holonomic system ¢, — ¢
that simply means distance, d(w — oo, t; — ¢) , would be always zero after one cycle.

We already mentioned that G(q) being nonsingular is a necessary condition to investigate
whether the system is holonomic or nonholonomic. Here this necessary condition is not
violated because g;(q) and g,(q) are linearly independent vectors. So we can define for a
fully holonomic system d(w — oo,t; — ¢) = 0 which is considered as zero line or holonomic
line (Figure 7.2).
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Holonomic behavior, #0.001[sec],d=0.0018 [m]

T
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Figure 7.3: Holonomic behavior for ¢, = 0.001sec (The left figure is a zoom of right figure)

Holonomic behavior,sto.l[sec],d:0.2744 [m]
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base
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base
initial
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X[m] X[m]

Figure 7.4: Holonomic behavior ¢, = 0.01sec (The left figure is a zoom of right figure)
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Case 1: Trajectory of base and EE, w = g@.l[sec]

T T T —— T — T T T T
base
2 __ EE H
base
initial
1.5 / \ baseend H
. [ \ — bod
E 1t | ‘ .
> \ |
\ /
0.5F \ / B
or \\ / ]
I I I I - 1 I I I I
-3 -2 -1 0 1 2 3 4 5
x[m]
Case‘lz Trajectory 9f ba§e and EI%, w ==10.tl[sech :
L base
2 — EE
\ base
/ \ initial
1r \ d [
E \ — body
> o \\ R
1k i
L L L L L L
-4 -2 0 2 4 6

X[m]

Figure 7.5: Holonomic behavior (Trajectory of base and the EE (w = 0.5,1))

7.2.1.1 Simulation

At time t = 0 we assume ¢; = Tyo, ¢2 = Ypo and g3 = gzo with radius [ and center of circle
fixed at (zpo,ypo) = (1,1). Now we want to prescribe a circular motion for EE. This means

§1 = xpo + lcosbs (7.28)
52 = Yw0 + [sin 03 (729)
giving as control input
o Sl . —l93 sin 93
"= |:£2 N 193 COS 63 (730)

with any time function for 63 or 93 . We choose 93 = (3 = constant = w, 03 = 039 + wt and
hence

& = —lwsin(fs + wt) (7.31)

& = lwcos(3p + wt)

Let w = 1 rad/sec, then after one cycle i.e., t = 27 sec the EE will reach its initial position.
We take different weighted parameters while taking the same sampling time and found that
increasing the weighted parameter the base is approaching its initial position. Using the high

value of weighted parameter this nonholonomic system becomes holonomic in nature (Figure
7.5, Figure 7.6).

7.2.2 Case 2: Two Link Manipulator

In this case we consider two links (Figure 7.1). Then we will get the following Jacobian
Matrix .
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ylm]

ylm]

Case 1: Trajectory of base and EE, w =3. t[sec]
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Case 1: Trajectory of base and EE, w iD ﬂ[sec]
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Figure 7.6: Holonomic behavior (Trajectory of base and the EE ( w = 2,5))

J(q):ﬁ— 1 0 —llsinq3 —lgSiHQ4

= 7.33
oq 0 1 Ilycosqs Iycosqy ( )

Taking weighted pseudoinverse, J! (q) we get the following g,(q) and g,(q) vectors (see
Appendix G):

where

a=(—w*-

As dim(Ag

g:(q) =a

g.(q) =«

—w? — Bw? cos? g3 — 12 cos? q4
—12w? cos g3 sin g3 — [3w? cos g4 sin g4 (7.34)
lyw? sin gz + 13 sin g3 cos? g4 — 13 cos g3 sin q4 cos q4 ‘

lo(— sin gy — 13 sin g4 cos? q3 + 1% cos q3 cos q4)

lyw? sin g3 + (3 sin g3 cos?® g4 — 15 cos g3 sin gy cos q4
—w? — Pw? + Bw?cos® g3 — I3 + l2 sin g4 cos qq cos? g4
l1lyw? sin g5 sin qq cos g4 — w? cos? g3 + 12 cos 3 cos? qq

I5(12 sin g3 sin g4 cos g3 — cos q4 — (2 cos® g3 cos q4)

(7.35)

Bw?—1312 cos? qu+21313 cos? g4 cos? q3—13—1312 cos? q3+21313 sin g3 cos g3 sin g4 €os q4)

(@) = dim(span{g,(q),g,(q)}) = 2, we can further investigate for its holonomic

or nonholonomic behavior. Using Maple software we get g5(q) and g,(q) (see Appendix G).

The dimension of the accessibility distribution

dim(Agr(q)) = dim(span{g,(q), g:(q), gs(q), g4(a)}) = 4 (7.36)

So we can easily conclude that the system is nonholonomic as well (Chapter 5).

-1
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Case2: Taking holonomic model u=[1 1]

y[m]
5

Figure 7.7: Holonomic model (Two link)

7.2.2.1 Simulation

To investigate the system behavior of two link manipulator. First we consider the holonomic
model in such a way that
gi@)=(0 0 1 0)" (7.37)

and
g(q)=(0 0 0 1)7 (7.38)

Then a simple computation shows that

gs(@=(0 0 0 0)7 (7.39)

with u = (w; wy)? where w; = wy = 1 rad/sec.
Then we find for a circular end effector trajectory that the base returns to its original position
at (a0, Yoo) after one cycle (Figure 7.7).

Now we consider our computed g,(q) and g,(q) vectors with same input u = (1 1)T
and we find in the following Figure 7.8 how the system behaves after one cycle. Figure 7.8
illustrates that the base has no tendency to reach its original position. Moreover, we don’t
get the circular EE trajectory as expected (Figure 7.7). That means the system itself is
nonholonomic in nature.

In the next Figure 7.9 it is shown how the system behaves on weighted parameter variations.
As we discussed in previous section here we found that the distance between the final and
initial position at beginning is much higher than previous system but after few steps its
nearly constant over weighted parameter w but slightly varied on sampling time ¢, compared
to previous the system.
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Case2: Nonholonomic behivor u=[1 1]
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Figure 7.8: Nonholonomic behavior (Two link)

Case 2: System behavior on weighted parameter and sampling time
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Figure 7.9: System behavior on weighted parameter (Case 2)
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7.3 Comments

It has already been shown that though the EE performing a cyclic task i.e. it traces a closed
path in the workspace, the base of a kinematically redundant manipulator does not return
to its original position. But the final position of base depends on weighted parameter and
sampling time that means the trajectory of the base depends on the choices of J T(q).

Finally we get the following:

In case 1, the system can switch from nonholonomic to holonomic if and only if w — co. But
in case 2, we get circular EE trajectory in holonomic model (Figure 7.7) but we don’t get the
circular EE trajectory in two link manipulator redundant system i.e., the system never goes
to holonomic. So we can conclude that the redundancy is one of the sources of producing

nonholonomic constraints.



Chapter 8

Free-Floating Space Robot: Plane
Motion

Here dynamics of the system is considered, which will result in nonholonomic constraints.
Additionally with the given EE trajectory and IK we would end up with increased nonholon-
omy compared to the example of Chapter 7, where dynamics has been neglected.

However, in order not to complicate the problem to be studied here, we neglect to specify
the EE trajectory. The nonholonomic nature then is only given by conservation of angular
momentum.

In this chapter we will discuss about the multibody space robots with planar structure.
Usually the base attitude of the space robot can be normally controlled by reaction wheels
or thrust jets. When thrust jets are used to control the attitude of the base, the linear or
angular momentum is not conserved, due to external thrust forces. In our case we consider
that the robot will completely be free-floating in zero-gravity environment. When multibody
systems are allowed to float freely that means without having a fixed base, both the linear
and angular momentum are conserved. Due to the conservation of angular momentum, the
non-integrable velocity constraints result in the nonholonomic nature of a space robot.

8.1 General Description

Consider an n-body planar open kinematic chain which floats freely as shown in Figure 8.1.
The first body represents the base and the other n — 1 bodies are the manipulator links. For
the i-th body, let I; be the hinge to hinge length and d; the distance from joint ¢ — 1 to its
center of mass. Further, denote by r; and v;, respectively, the position and linear velocity
of the center of mass, and by w; the angular velocity expressed in an inertial frame. And
m; indicates the mass of the i-th body and J; its inertia matrix with respect to the center
of mass. When no external force is applied, and in the absence of gravity and dissipation
forces, the linear and angular momentum of the multibody system is conserved. Assume that
initially they are all zero. The law of conservation of linear momentum is written in general,

46
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joint 1

Figure 8.1: An body planar space structure: satellite (first body) manipulator

as

That can be obviously integrated to
Z mir; = Myl = C (82)

where m; is the total mass of the system, r. position vector of the system center of mass
and c is a vector constant. As a consequence , the conservation of linear momentum gives
rise to three holonomic constraints, indicating that the system center of mass does not move.

The conservation of angular momentum is expressed as

n

D [Tiwi 4+ mi (v x vi)] =0 (8.3)
i

These three differential constraints are, in general, nonholonomic in the three dimensional
case. Since in the present case, motion is constrained to the xy-plane, Eq. (8.3) reduces to only
one differential constraint. To perform the nonholonomic analysis, it will be first necessary
to convert this constraint into a Pfaffian form of the system generalized coordinates q.
There are two approaches to get the Pfaffian form from the conservation of linear and angular
momentum.

1. First approach (Kinetic Energy)

2. Second approach(Direct approach)
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v

Figure 8.2: Two-body planar space robot

The first one is shown by De Luca [1], deriving the generalized momenta from the kinetic
energy of an n-body system as follows

1

T=_4"B(a)q (8.4)

where B (q) is the symmetric and positive definite inertia matrix and the generalized mo-
menta are defined as

o(T-U) . .
,=——=——==2>b; ,1=1,....n 8.5
p 7q. (@) q (8.5)

where b; is the -th column of B . Here we consider the potential energy, U is constant and
it can be written into Pfaffian constrain as follows

Zpi = be (@a=1"B(q)q (8.6)

where 17 = (1,1,...,1).

A second one is a more direct approach, which will be followed in the succeeding chapters.

8.2 Two-Body Planar Space Robot

8.2.1 Dynamic Model

Consider the following structure given in Figure 8.2. We choose the inertia frame at system
center of mass, i.e., ry.
We get the following geometrical constraints

Tel B cos 6, costh| [T
{ ] + (I — dy) Linel} +dy + { ] = { ] (8.7)

Tel,y sin 6, T2y

From conservation of linear momentum we get

cl,z c2,x c0,z 0
S e R B
Tely Te2,y Tc0,y 0
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Multiply Eq. (8.7) by my and from Eq. (8.8) we obtain
Tel.z cos 6 cos 6
[1’}276’11{. 1}-#]{512{. 2}
Tely sin 04 sin 0

—ma(l—d _
where ki1 = —m2£,; U and kyp = —TnidQ

Multiply Eq. (8.7) by m; and from Eq. (8.8) we obtain

C4,T 6 9
[7’ . } = ko [C?S 11 + koo {C.OS 2}
T2,y sin 0, sin 6y

where kg = —ml(i’tt_dl) and kop = man
Then we get
k11 cos 01 + k1o cos Oy
rep = ]{?11 sin (91 + ]C12 sin 92
0
and
ko1 cos 01 + koo cos Oy
T = l{)gl sin 91 + kgg sin 92

0
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(8.10)

Now we will calculate the total angular momentum of the system by two approaches. We

get the same equation from these two approaches (see Appendix E).

1. First Approach (Kinetic Energy)
The calculation of the first approach is done in Appendix E.

2. Second Approach (Direct Approach)

Here we will calculate the angular momentum of the 15 and 2" body by conventional

way.
Angular momentum of the 1% body

L1 = lel +my (I'Cl X Vl)

= Jlél + (Te1 - V1)

where
0 _Tcl,z Tcl,y
rep = Tel,z 0 —Telx
| —Tel,y Tel,x 0

0 0 Tely
= 0 0 _’rcl,x

__rcl,y rcl,x 0

(8.11)
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where

Tele = kll COS 01 + ]{?12 COS 92

Tely = ]{311 sin 91 + /{312 sin 82

and

—kfnél sin 01 — klgég sin 02
V] = —]{?1191 COS 91 — k‘még COS 92
0

So we obtained the linear momentum of the 1% and 2" body respectively:
L, = J6,+my (kflél + k%géz) + mikii1ki2 <92 cos (0y — 01)>
+ mikyk (9’1 cos (0 — eg) (8.12)
Similarly
Ly, = Jyby+my (k%lél + k%ﬁg) + mokoi koo <92 cos (0y — 91)>
+ maokaika (9’1 cos (62 — «91)> (8.13)

So conservation of angular momentum (see Appendix E)

Li+Ly=0 (8.14)
can be rewritten as
[J1+ o+ 2012(¢1)  To + bia(¢n)] {Zj =0 (8.15)
where
o1 =0y — 0,

Ji = +maki) + mok3,
Jy =Jo + mikiy + moky, and
bi2(¢1) =(miki1kio + mokaikao) cos(¢py)

Let A(q) = [71 + Jo + 2b1g(p1) Jo + blg(qﬁl)} and we will find out the null space of A(q).
The equation A(q) = 0 ends up being just the single equation

(J1+ T2+ 2b15(¢1)) 01 + (T2 + b1a(61)) ¢ = 0 (8.16)
We let (él =ua= m1k:11k1j—2m2k21k2272’ and b = m1/€11/€j1;i:{122k21k22 which giVGS

A =l B
q=1|:"1= L u=G(q)u (8.17)
¢1 1
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8.2.2 Holonomic Characteristic of 2-Body Planar Robot

Now we will investigate the holonomic charactesistcs of 2-Body planar robot by the following
two approaches.

1. Lie Bracket approach

From Eq. (8.17) we get the following distribution
Ac(q = {2:1(a)}

__a+tcos ¢1
gi(a)=| "

where

We know that the distribution generated by single vector field is always involutive. So it is
not possible to generate other g’s vectors. Hence we get the dimension of Ag(q) is equal to

m.
dimAg(q):n—k:2—1:1

Hence the system of 2-body planar space robot is holonomic (see Chapter 5).
2. Conventional approach

Conservation of angular momentum gives the following integrable differential constraints:
(b + 2coséy) ) + (a+ coséy) ¢ =0

from where we obtain immediately

: a + cos ¢

0 = ——— " 1

! b+ 2cos ¢ ! (8.18)
or by regarding gz51 =0y — by .

b a—0b—cos¢y (8.19)

6,  a+cosg,
In Figure 8.3 we have plotted the relative angle verses the ratio of 92 and «91 with m;=40
kg, mo=>50 kg, J; = Jo=100 kg-m?, [;=5 m, l,=20 m, d;=2 m, dy=>5 m, i.e., a=1.997 and
b=2.8667. And in 2nd case we take m;=20 kg, m,=25 kg, J; = Jo=100 kg-m?, [;=2.5 m,
[5=10 m, di=1 m, dy=2.5 m, i.e., a=4.0667 and b=7.067.
We offer now an analytical solution for ¢; depending from ¢;. From Eq. (8.18) we get

. a . cos ¢y -
0 =— — 8.20
! b+2¢os¢1¢1 b+200s¢1¢1 (8.20)

By taking the integral we obtain
2 b—2)tan &
01 = — a arctan &
b? —4 b2 —4
b b—2)tan &

_ o + arctan (& +c (8.21)

2 " P -1 N



CHAPTER 8. FREE-FLOATING SPACE ROBOT: PLANE MOTION
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Figure 8.3: Holonomic characteristic in two-body planar robot
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Figure 8.4: Relative angle, ¢, verses ¢, (different values of ¢ )
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Initial position of planar space robot (2 body) in the xy plane

1 T T T T
— 1%'pody
— 2"pod
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E o E
>
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x[m]

Figure 8.5: Planar space robot (2-body) at initial position
where ¢ is a constant depending on the initial conditions.

If J; = Jo, Eq. (8.20) simplifies

: 1.
by integration we easily obtain
1
91 = —§¢1 +c (823)

Figure 8.4 shows the plot of Eq. (8.23) for different values of c.

8.2.3 Simulation Results

We will simulate the kinematic model of the two body planar space robot using u = w;=1
rad/sec, m1;=40 kg, my=50 kg, [;=4 m, 1,=20 m, d;=2 m, dy=10 m, J; = J,=100 kg-
m?. Figure 8.5 shows the initial orientation of planar space robot in the xy plane i.e. gy =
(61 ¢1)o=(0 0).

Figure 8.6 shows the variation of system center of mass over time and we find that the value
of its component always zero while the value of its y-component varies little over time on the
scale of 10714, Figure 8.7 shows that after ¢t = 77 sec and ¢t = 147 sec (approximately) the
internal configurations of the system reach its initial values i.e., go = ( 60; ¢1 Jo=(0 0)
and we find that after ¢t = 147 sec the system itself return to its original posture (Figure
8.8).

Hence we can conclude that the two body planar space robot is a holonomic system. And we
can not steer this system to any pair of (6, ¢;) by using single input, u. But the trajectory
of the system depends on the geometric properties of the bodies i.e., the mass, inertia and
geometric length and position of center of mass as well. In the next section 8.3 we will discuss
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x 10 Variation of the System Center of Mass (SCOM)
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Figure 8.6: Variation of the system center of mass over time (2-body)

Internal configurations of the planar space robot (2-body)
1 T T T

0.8 i

0.6 .

0.4r- .

0.2

sin(el), sin(qu) [rad/sec]
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Figure 8.7: Internal configurations of the planar space robot (2-body)
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Trajectory of the planar space robor (2-body)
20 T T T T

15-

10

y[m]
o (4]
T T
B \\/‘\

-10F

-15

-15 20

Figure 8.8: The (holonomic) trajectory of the planar space robot (2-body)

the three body planar space robot by considering the different cases for different geometric

properties (Table 8.1).

8.3 Three-Body Planar Space Robot

8.3.1 Dynamic Model

Now we will calculate the total angular momentum of the system by two approaches. Here
we also get the same equation for both approaches that is shown in Appendix E.

1. First approach (Kinetic Energy)
The calculation of the first approach is done in Appendix E.

2. Second approach (Direct approach)
The calculation of the second approach is shown as follows:

In the case of the three body planar space robot we get the following angular momentum of
the 1%, 2 and 3" body respectively.

L1 = lel + ml(rcl X Vl) (824)
L2 = JQCUQ + mg(rcg X V2) (825)
L3 = J3W3 + mg(rcg X V3) (826)

where Jq,J5,J3 are the rotational angular momentums, w;,ws,w3 are the angular velocities,
v1,vg, vy are the linear velocity at center of mass and r.;,r.,r.3 are the position vector of
center of mass of the 1%, 2"? and 3" body respectively.
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As we described before the conservation of linear momentum gives holonomic constraints
and can be written as
MTe + Mol + M3Teg = ML) = C (8.27)

In this case we define that inertia frame is located at the origin. So Eq. (8.27) becomes
mM1Ter + Maleo + M3aley = Myl = 0 (828)

By adding the above three equations Eq. (8.24), Eq. (8.25), Eq. (8.26) we get the total
angular momentum of the system. So we consider the conservation of angular momentum of

the system as follows
Li+Ls+L3=0 (8.29)

Our primary concern is to get the kinematic model of the system. So we convert the constraint
Eq. (8.29) into the following Pfaffian form (for calculation see Appendix E):
01
[an a12 (113} QQ =0 (830)
03
where
ay; =byy + 1 cos(by — 0s) + ¢y cos(6y — 03)
192 =C1 COS(Hl — 02) + b22 +c3 COS(@Q — 93)
a3 =cg cos(0; — 03) + c3 cos(fy — 03) + bas
and cy,c9,c3 depend on only inertia and geometrical properties. Now we define the relative
angles as
¢i:9i+1—62‘ z:l,,n—l
¢1 =0y — 0,
P2 =03 — 0y

which can be summarized by

01
01 -1 1 0
= 31
[ b 0 -1 1 0, (8.31)
03
The generalized coordinate vector is
601 10 0] [6
q=|¢1| =|-1 1 0] |0, (8.32)
02 0 —1 1] |65
with the inverse mapping
0, 1 0 0] [6,
q= |6 = |1 1 0| |¢1 (8.33)
05 11 1] Loo
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From Eq. (8.30)

1 0 07 [6
[an @12 a13] 110 QZ'51 =0
1 1 1] oo
we get
01
[Clu +aip+az an+a 043] ?1 =0
o)
Finally we can write the above equation as follows
01
[An Ar A13} 92?1 =0
b2

Eq. (8.36) is equivalent to the Pfaffian form A (q) =0.

8.3.2 Investigation of Nonholonomic Criteria

o7

(8.34)

(8.35)

(8.36)

In the previous section we got the kinematic model of a 3-body planar space robot. Now we

will investigate whether this system is holonomic or nonholonomic. The procedure of such

type of investigation has been already discussed in Chapter 5.

In the next few steps we will derive G (q) , the null space of A (q).
Let ¢1 = u; and ¢ = us then we get

é [ Aui+Aizun
) 1 A
q= @1 = Uq
P2 i U2
s
11 11
- |
o 1 |
or in compact form
q=G(q)u
where (see Appendix G)
- A
91(17 1) _A_ﬁ
gi(@ = (a2 =] 1
L91 (37 1) 0

boo+c1 cos ¢1+ca COS(¢1 +¢)2)+b22+263 cos ¢p2+b33
b1142c1 cos ¢p1+2¢2 COS(¢1 +¢2)+b22+203 cos ¢2+b3s3

= 1
0

(8.37)

(8.38)
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and
-92(171) _ﬁ_ﬁ
g(a) = |e21)|=] 1
_92(371) 0

_ b33+ca cos(P1+¢2)+cs cos ¢o
b11+2c1 cos ¢1+2c2 cos(p1+pa)+baa+2cs cos pa+bss

= 1
0

And we will get g5 (q) by applying Lie bracket operation (see Appendix G)

93<171>
g (@) = |g2,1)] =g (1) g(q)]
93(3’1)
_ 98, O&, (8.39)

where

where
_ cosin(¢r + ¢2)

bi1 + 2¢1 cos ¢y + 2¢5 cos(p1 + P2) + baa + 2¢3 €08 Py + bss
by = (—2cysin ¢y — 2cysin(¢y + ¢2))

(b3s + co cos(y + @) + C3€O8 o) by
(b11 + 2¢1 cos @1 + 2¢ cos(@r + P2) + baa + 2c3 cos Py + 533)2
B —2¢38in ¢g — cosin(¢y + ¢Po)
by 4 2¢; cos ¢y + 2¢5 cos(d1 + dg) + bag + 2¢3 COS Py + bas
dy = (bag + ¢1 €08 @1 + ¢ co8(P1 + P2) + 2¢3 €OS Pg + bs3z)
dy = (—2co sin(¢y + ¢P2) — 23 8in ¢9)
(didy)

(b11 + 2¢1 cos @1 + 2¢ cos(@r + P2) + baa + 2c3 cos Py + 533)2

We obtain the following accessibility distribution matrix:

g1(1,1) gao(1,1) g3(1,1)
G/(q>: gl<2a1) 92(271) 93(2)1) (840)
91(3,1) 92(3,1) g3(3,1)

We get the Rank of G’ (q) = 3 that means these three columns are linearly independent. We
can write down the accessibility distribution:

Aciq = { 1), g2(aq), gs(q) } (8.41)

According to the Eq. (8.41) we get dim Ag(q) = 3 = n and then finally we can remark that

d=

the Three-body planar space robot system is completely nonholonomic (see Chapter 5).
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Table 8.1: Different cases for the Free-floating planar space robot(3-body)

Case [y,lp,l3 di,do,ds mi,mo,ms  Ji,Jo,J3 1

(m) (m) (kg) (kg m?)  (sec)
(51 [2.5] 107 50

1 10 5.0 10 50 0.1
15 (7.5 10 50
57 [2.5] 107 100

2 10 5.0 10 00| 0.1
15 7.5 10 100
57 [2.5] 207 507

3 10 5.0 20 50 0.1
15 7.5 120 150
57 [475 107 507

1 10 2.5 10 50 0.1
15 3.75 10 150

8.3.3 Simulation Results

In this section, we will simulate the kinematic model of the system using u:( Wi Wo )

where wy=we=1 rad/sec for different cases (Table 8.1) to investigate the the following char-
acteristics in our system model:

1. Angular momentum of the system

2. Position of the system COM

According to our system model we expect the angular momentum of the system will be
constant as well as the position of the system COM.

We will consider the same initial conditions, q, = ( 0, ¢ @9 )0 = ( 5 —5 %5 ) for all
cases but the length of the body and their own COM could vary according to the cases

(Table 8.1).

Case 2 we take the value of the inertia property is twitch than Case 1. But Case 3 we change
the mass of the bodies twitch than Case 1 and finally in Case 4 we alter only the position of
the center of mass of the corresponding bodies half of the Case 1.

Figure 8.9 shows the initial configurations of the planar space robot (3 body) for case 1, case
2 and case 3. But in case 4, we find the different initial configuration compare to the previous
cases (Figure 8.15). From Figure 8.10 to Figure 8.13 show the variation of the system center
of mass for four cases and we find that for each cases the system center of mass remain
constant at which match with our system model.
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Case 1: Initial position of planar space robot in xy plane
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Figure 8.9: Planar Space Robot (3 body) at initial position (For case 1,2,3)

Figure 8.14 shows the angular momentum of the system for four cases and each cases we
find that the angular moment remains constant over time in the scale of 10713,

Figure 8.15 illustrates the trajectory of the system for each cases and we find for case 4 that
the system initial configuration is not the same position as compared to previous cases.

From Figure 8.10 to Figure 8.15 we simulate the model up to =27 sec. But now we will
simulate the model ¢ > 27 sec for further investigation of the system behavior.

As we know the nonholonomic system can switch to a holonomic one. Here we will investigate
if there exists any possibility for any geometric properties of the planar space robot (3 body)
to exhibit the holonomic behavior. For this reason we simulate the model (Case 4) up to

t = 47 sec.

Figure 8.16 shows at ¢t = 6.5 sec the internal configurations reach at q, = ( 01 @2 @9 )0
= (2 —Z Z) (approximately). Figure 8.17 shows that the system (Case 4) has tendency
to reach its original posture. Figure 8.18 shows the final orientation of the system (Case 1)
after t = 87 sec. So we may conclude that with a special geometric properties the nonholo-

nomic system can switch to a holonomic one.
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SCOM
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Figure 8.10: Variation of the system center of mass over time (Case 1)

>(SCOM’ySCOM [ITI]
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Figure 8.11: Variation of the system Center of mass over time (Case 2)
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62

o Case 3: Variation of the System Center of Msaskl[sec]
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Figure 8.12: Variation of the system center of mass over time (Case 3)

107 Case 4: Variation of the System Center of Msasssl[sec]
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Figure 8.13: Variation of the system center of mass over time (Case 4)
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Figure 8.14: Variation of the angular momentum over time for different cases

Trajectory of the planar space robot in xy plane
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Figure 8.15: Trajectory of the system for different cases
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Case 4: The internal configuration
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Figure 8.16: Internal configurations of the planar space robot (3-body)

Trajectory of the planar space robot in xy plane
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Figure 8.17: of the planar space robot (3-body) (up to t = 6.5 sec)
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Case 1: Trajectory of the planar space robot in xy plane
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Figure 8.18: Trajectory of the (3-body) planar space robot (Case 1) (up to t = 25 sec)
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Chapter 9

Free-Floating Space Robot in 3D
Motion (2-Body)

Figure 9.1: Two-body robot in 3D space

9.1 System Description

Here the system consists of two bodies AB (1! body) and BC (2"¢ body). They are joint at
point B (revolute joint) which consists of two axises where point B and B-frame are attached
with the 1! body. The one axis represent the 1% joint and the other axis represent the 27
joint. We also consider the two body-fixed reference frames of K1 and K2 for 1% and 2"¢
body at their own center of mass (COM) at C; and C; respectively. We assume that the
position of the center of mass of the 1° body and 2" body lie on their own Y-axis and the
system center of mass is located at point (Y. Initially, we assume that the two bodies lie on

66
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each other and are floating in space with initial angular and linear velocities. After then the
1%t joint rotates around g7, at this moment two bodies lie on the same plane as described

2nd

in the previous Chapter in case of the planar space robot. After then the joint rotates

around e X -axis, at this moment the 2" body comes out of the plane (Figure 9.1).

9.2 System Model

»| Linear momentum = zero
q, Angular momentum = zero

. "
q, System : >
Joint > < )
angles six equations ¥| Linear and angular velocity
g
| -

Figure 9.2: Model of the system

If we assume that the system is in rest in the initial state, that means the linear and angular
momentum are zero then we will obtain the new linear and angular velocity of the system
in the inertia frame I-frame to change its joint angles. The position and orientation of the
body depends on its inertia property which change with its configuration. In our particular
case we can model our system as shown in Figure 9.2 where we have six unknowns (three
linear and three angular velocities of the system) with two relative joint angles ¢; and ¢y as
input.

9.3 Constraint Equations and Kinematic Model

The following notation are used in the derivation of the constraint equations:

W Angular velocity of the 1" body with respect to I-frame

IV Linear velocity of the 1% body with respect to I-frame
KW Relative angular velocity of the 1% joint with respect to K1-frame
KW Relative angular velocity of the 2" joint with respect to K2-frame

I'Veomnl Linear velocity of the 1% body at its COM with respect to I-frame
1Veom2 Linear velocity of the 2" body at its COM with respect to I-frame

Py Linear momentum of the 1% body with respect to I-frame
P> Linear momentum of the 2"¢ body with respect to I-frame
1Ly Angular momentum of the 1°* body with respect to I-frame
1Lo Angular momentum of the 2"¢ body with respect to I-frame

k1l Angular momentum of the 1% body with respect to K1-frame
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Kol

K1Y B_com1
K2Y B com?2
Ki¥rpo =T
K1To_com1
K2Yo.com2
ITo_C;

my

ma

ridconn = J1

r2Jcomz = J2

2™ hody with respect to K2-frame

Angular momentum of the
Distance from B point to its COM with respect to K1-frame
Distance from B point to its COM with respect to K2-frame
Distance from B point to the origin of the I-frame

Position vector of COM of the 1% body

Position vector of COM of the 2" body

Position vector of system center of mass

Mass of the 1 body

Mass of the 2" body

Inertia tensor of the 1% body with respect to its COM in K1-frame

Inertia tensor of the 2"¢ body with respect to its COM in K2-frame

The following quantities are given below:

=11 =(rs Ty rlz)T =0 d O)T
K2TYB_com2 = T2 = (7“2x T2y TQz)T = (0 ds O)T
Kkow1 = (0 0 Ch)T
Ka2W2 = (Cb 0 O)T

K1Y B_com1

The corresponding tilde operators are

0 —T1z T1y 0 0 dl
fl = 712 0 —T1z | = 0 0 0
| —T1y Tz 0 ] _—d1 0 0
[ 0 —T9, T2y i [ 0 0 d2
f‘Q = T2 0 —Tox | = 0 0 0
| — T2y T2 0 | _—d2 0 0
and their products
(13, . Ty Tl [d2 0 07
BT = | —rry L, T | =0 000
| —Tele Ty T, T [0 0 d&?]
_rgy + 73, —ToToy  —TogTas | [(d2 0 0]
Ty Ty = | —Toure, 75,475, —Tore, | =10 0 0
| — 72,72, —Tgy'l“zz Tgy -+ r%x- | 0 0 d%_
We take the following rotational matrix
Riiro = RX(QQ)RZ(Ql)
1 0 0 cosq —sing; 0
= |0 cosqy —singy| |singu cosqr O
0 singy cosgs 0 0 1
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The angular positions of the B-frame are described by «,3, and v and we consider the B-
frame changes its orientation over time with respect to I-frame. We also consider the three
rotations taking place about fixed reference frame, I-frame by the following order:

Rix1 = Rz(7)Ry (8)Rx ()

[cosy —siny 0 cos@ 0 sing] [1 0 0
= [siny cosy 0 0 1 0 0 cosa —sina
| 0 0 1] |—sing 0 cospB| [0 sina cosa

[cosycos 3 sinasin 3cosy — cosasiny cosasin 3 cosy + sin o siny
= |sinycos3 sinasin/Fsiny 4 cosacosy sin-~ysin [ cosa — sin acosy

| —sing cos 3 sin « cos [ cos
Now we obtain the linear velocities at COM with respect to inertia frame for 1% and 2"
body respectively :
IVeoml = Vb +1Wh X1 TB coml
= vy 1wy X Rix1 k1TB_com1 (9.1)
and
IVeom2 = IVp +1 wgbs X1 TB com2
= Vo + (1wp +1 w1 +1 W) X TR com2 (9.2)
= Vi + (qwp + Rrk1 kiwr
+ RrxiRiik2 kows) X RigiRik1k2 k2T B com2
We obtained the corresponding linear momentum with respect to inertia frame
P1=m1 1Veom (9-3)
IP2 = M2 1Vceom?2 (94)
So we get the total linear momentum in inertia frame by adding Eq. (9.3) and Eq. (9.4)
P= P +;Py (9.5)
Now we calculate the angular momentum in K1 and K2 frame:
rx1li = k1 Jcom k1wWy + (K1TB.com1 + K1TB.0) X (M1 K1Veom1)
= ridJcomiRiirwy + (K1TB.com1 + K1TB.0) X (1M1 K1Veom1) (9.6)
woLo = godcoms kowi™ + (KoTB com2 + KaTpo) X (M2 K2Veom2)
= radcom2( Kows + Kowi + Kows)
+ (K2TB_com2 + K2TB.0) X (M2 K2Veom2) (9.7)

Then we get the total angular momentum with respect to I-frame:

L= Lgi +1 Lgo
= Rix1 kili + RikiRkiko koliy (9.8)
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From Eq. (9.5) we get total linear momentum with respect to I-frame:

P= P14+ Py
= (my1 +ma) 1vy — (MRt + moRri R 1xoT2) rws

- mleKlRK1K2f2R1K1Q1 - m2R1K1RK1K2f‘2RIK1RK1K2qQ (9~9)

So we can write down the above equation in the following form

P = a; v, +apw, +biiq; + biaq, (9.10)
where
- 11 12 137
_ |21 22 23| _
a;; = |aj; aif api| = 0 my + mo 0
31 .32 33
lay; ay” ajyl 0 0 my + mo

11 12 137
Ay G1p Gi9
_ |21 22 23| _ ~ ~
a;p = |ajy ai; aiy| = — (MRt + meRrgi Rk xoTs)

31 32 33
A1 G132 (12
Sl 212 p13T
biy b1 by
|2t g2 23| =
by = b7 bi7 by | = —meRixiRiixeTo Rk
31 732 133
Lbyp 077 byl
S0l 212 p13e
bia b1y bpy
g2 g2 23| -
by = |bi5 bi3 b5 | = —maRrixiRiikeroRikiRkiko
31 132 133
Lby b3 by

The angular momentum of the 15 body with respect to Kl-frame is (see Appendix F)
K1L1 = mlflvb + (Jl — mlfl . f‘l)wb + f‘ . K1P1 (911)

Similarly from Eq. (9.7) we get the angular momentum of the 2"? body with respect to
K2-frame. (see Appendix F):

KQLQ = mgf'QVb + (Jg — me'g . f‘Q)OL)b + (Jg — mgf'g . IN‘Q)UJQ + f‘ . K2P2 (912)
The total angular momentum with respect to I-frame is (see Appendix F)

Lo = Rirx1 1x1 L1 + RrxiRik1ke, k2 L
= (maTy + mals) vy + (k1J1 — muTy - T +xo Jo — mals - To) jwy

+ (K2J2 — mgf‘g . f‘g)]wl + (K2J2 — mgf'g . f‘g)]wg + I- [P (913)
So we can write down the above equation in the following form

L = as vy + agewp + ba1q; + baeg, +1- P (9.14)
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where

(a1 a3} a3]
ag = a3 a3? a¥| =mit; + moly
la31 a3t a3
[a3; a3 a3
Agy = a%é a%% a%% = (g1d1 — muty - T1 + goJy — mofs - T)
la3; a3; a3
31 byi bt
boy = [b3] 037 b3 | =Ko Jo — maly - Ty
051 b3 031
(b3 b3 Do)
b22: bg% b%% b%g =K2 JQ—me‘Q'f'g
035 b33 b33

Substituting the value of P into Eq. (9.14) we finally get the two vector equations

P =a; v, +apwy, +biiq; + bieq, (9.15)

L= (as +T-a11)vy+ (aga + T - ap)ws

+ (ba1 + T - b11)q; + (b + T - biz)q, (9.16)

We can represent these equations by the following matrix form

M - 1
L ag; +r-aj;; axg+r-apg| [w

b, b1y } {C'h}
+ - - . 9.17
{bm +T-byy by +r-biaf |q, ( )

Requiring P = 0 and L = 0 then Eq. (9.17) becomes

ai; Az | Ve by, blﬂ {%1 [0]
L\zl 322} Lb] [bm bos | |4, 0 ( )
where Eq. (9.14) with P = 0 has been used.

Finally we can represent Eq. (9.18) by the following matrix form:

Vi
Wh
aj; a;p by b121 e
=0 9.19
[321 azxp by by | . - ( )
qd;
A2 ]

and in compact form
Asxa(q)dgys =0 (9.20)
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The associated kinematic model is (see Appendix F)

Aix1 = Gaxz(a) Az (9.21)
where (see Appendix F)
ajabo; —bijags aj2bas—bisags
aj1boa—baials ajjasze—azia;?
__—agibii4aiibar ajibos—asibio
G4><2(Q) = auaz:zl—amalz a11a26—321312
0 1

Now we expand Eq. (9.21) and we get the following kinematic model as we discussed before:
q = (Ub:p Uby Ubz Whe Why Why Wiz Wiy Wiz W2 Wy WQZ)T
and

u= (wlz Wiy Wiz Wop Way w22>T
= (qlz ley Gz Gox Q2y QZZ)T
So we can rewrite Eq. (9.21)

éthl = G12><6(Q)u6><1
= span{g;, g, 83, 84, &5, 6} U6 x1 (9.22)

But in our particular case
u=(0 0 ¢ ¢ 0 0

where §; = w1, o = wo,u; = (0 0 wy)l anduy = (wo 0 0)T So our associated kinematic
model (see Appendix F) is condensed to

dsyx1 = Giyo(Q)Uax1 = span{gy, g o (9.23)
with
Aq=(Vbs Uby Ub: Whe Woy Wy 0 0 wi. wy 0 0)F
and
u=0 0 wg. wy 0 0)7F
:(0 0 g1z Gor O O)T
9.3.1 Simulation Results

In this section, we conduct the case studies to show the following characteristics in our system
model for different sampling times and different cases (Table 9.1).

1. Position of the system center of mass (COM)
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Table 9.1: Different cases for Free-floating space robot (3D motion)

Case Uy U9 J1 J2 my mo ts d1 d2
(rad/sec) (rad/sec) (kg m?) (kg m*) (kg) (kg) (sec) (m) (m)
0 0 [100 0 0] 0.1
1 0 0 0 100 O Ji 10 m;  0.01 1 1.5
w1 0 0 0 100 0.001
0 [wo ] [100 0 0] 0.1
2 0 0 0 100 O Jq 10 my  0.01 1 1.5
0 | 0] | 0 0 100] 0.001
0 [wo ] 100 0 0] 0.1
3 0 0 0 100 O Jq 10 m;  0.01 1 1.5
w1 | 0] | 0 0 100] 0.001

2. Linear momentum of the system

3. Angular momentum of the system

According to our model the linear and angular momentum will be constant as well as the
position of the system COM. The angular and linear velocity of the base B also will be
shown.

In Chapter 8 we consider the inertia frame, I-frame at the system center of mass i.e., the
system COM always at (0,0). But here we will obtain the system COM by the following
equation

oo, = ARG TTRN0C, (9.24)

m1+m2

and the value of the constant ¢ depends on the chosen initial conditions. As in all cases the
values of my, msg, d; and ds do not change (see Table 9.1) so we expect that the system COM
always remain at ro ¢, = (0 1.25 0)7 m.

We run the simulation model with constant speeds, i.e., w; = wy = 1 rad/sec upto t = 2w
sec and take the same initial conditionsg=(0 0 0 0 0 0 0 0)7 for all cases.

In case 1, as we take u; = (0 0 w;)? that means we apply the input only at g1 Z-axis and
we expect that the angular velocity in z-axis and y-axis are to be zero (see Figure 9.7) which
shows that the space robot rotates on the xy plane as compare to Chapter 8. As a result we
also expceted that the linear velocity of z-component will be always zero (see Figure 9.6).

Similarly in case 2, as we take us = (wo 0 0)T that means we apply the input only at
o X-axis and we expect the angular velocity in y-axis and z-axis is zero (see Figure 9.12)
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which shows that the space robot lies on the yz plane. As a result we also expcet the linear
velocity of z-component will be always zero (see Figure 9.11).

But in case 3, as we take u; = (0 0 wy)? and up = (wy 0 0)7 that means we apply the
input both at goX-axis and gy Z-axis and we expect the angular velocity in y-axis is zero
(see Figure 9.17). Here we also expcet the non-zero values of linear velocity in z-componant,
y-component and z-component (see Figure 9.16).

Figure 9.3, Figure 9.4 and Figure 9.5 are showing the system center of mass, linear momentum
and angular momentum of the system for case 1 with sampling time ¢, = 0.1 sec.

Figure 9.8, Figure 9.9 and Figure 9.10 are showing the system center of mass, linear momen-
tum and angular momentum of the system for case 2 with sampling time ¢, = 0.1 sec.

Figure 9.13, Figure 9.14 and Figure 9.15 are showing the system center of mass, linear
momentum and angular momentum of the system for case 3 with sampling time ¢, = 0.1
sec.

For every cases we find that the value of R, varies slightly over time starts from 1.25 m as
expected, and after t = 27 sec the COM returns its initial position (apporximately) for case
1 and case 2 (Figure 9.3, Figure 9.8). But in case 3 the system COM varies over time.

In case 1, we apply the input only in the x;Z-axis, and we find that the z-component of the
linear momentum P,, the xz-component of the angular momentum L., and the y-component
of the angular momentum L, are always zero as expected. But we find P,, P, varies over time
in the scale of 10~*m (Figure 9.4) and L, varies over time in the scale of 10~*m (Figure
9.5).

Similarly in case 2, we apply the input only in the goX-axis, and we find that the z-
component of the linear momentum F,, the y-component of the angular momentum L,,
and the z-component of the angular momentum L, are always zero as expected. But we find

P,, P, varies over time in the scale of 10~m (Figure 9.9) and L, varies over time in the
scale of 10™m (Figure 9.10).

In case 3, we find that the linear and angular momentum varies over time in the scale of
10~m (Figure 9.14, Figure 9.15).

Now we may conclude that according to our system model the linear and angular momentum
of the system should be zero and we get the same results for each case as expected. And the
system COM, as we expected, always remain at ro c = (0 1.25 0)7 m. We get this result
for case 1 and case 2 , but we find that in case 3 the system COM varies over time. We
find almost the same system behaviour for others sampling time thats why other simulation
results are not shown in this paper.
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«10° Case 1: Plot of position of the system COQA;O.l[sec]
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Figure 9.3: System center of mass (Case 1)
1G4 Case 1: Plot of linear momentum of the syst%m()ll[sec]
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Figure 9.4: Linear momentum of the system (Case 1)
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Case 1: Plot of angular momentum of the systgnro.rl[sec]
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Figure 9.5: Angular momentum of the system (Case 1)

Case 1: Plot of linear velocity of the bases&,(ll[sec]
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Figure 9.6: Linear velocity of the base, B (Case 1)
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Case 1: Plot of angular velocity of the basesBDtl[sec]
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Figure 9.7: Angular velocity of the base, B (Case 1)

Case 2: Plot of position of the system COL\A:,(].l[sec]
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Figure 9.8: System center of mass (Case 2)
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Case 2: Plot of linear momentum of the syst%mOtl[sec]
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Figure 9.9: Linear momentum of the system (Case 2)
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Figure 9.10: Angular momentum of the system (Case 2)



CHAPTER 9. FREE-FLOATING SPACE ROBOT IN 3D MOTION (2-BODY)

Case 2: Plot of linear velocity of the basesB;(l.l[sec]
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Figure 9.11: Linear velocity of the base, B (Case 2)
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Case 3: Plot of position of the system COQA:,Q.l[sec]

3 T T T T
E 2 4
§>< 1F /////*‘\\ - B
,//// ~_
0 L | | I I
0 1 2 3 4 5 6 7
6
— A4F 4
E
o
x 2- i
0 Il Il Il Il Il Il
0 1 2 3 4 5 6 7
3
2 4
E ot |
O
o
or 4
-1 . . \ . .
0 1 2 3 4 5 6 7
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Figure 9.14: Linear momentum of the system (Case 3)
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Figure 9.15: Angular momentum of the system (Case 3)
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Case 3: Plot of angular velocity of the basesBDtl[sec]
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Figure 9.17: Angular velocity of the base, B (Case 3)



Chapter 10

Conclusion and Future work

10.1 Conclusion

Mechanical systems subjected to nonholonomic constraints have received a lot attention
in recent years in the field of Geometric Mechanics. However, there is an increasing inter-
est in engineering and robotics in the motion of nonholonomic mechanical systems. Several
approaches have been used to describe the dynamics of nonholonomic mechanics such as
Hamilton, Lagrange and even Possion method. But we investigate the nonholonomic be-
haviour of mechanical systems by using Lie Bracket as a tool from Differential Geometry.
We classify the mechanical systems into holonomic, nonholonomic and partial nonholonomic
by using the repeated Lie Bracket operation to form the accessibility distribution matrix.

We present some examples of nonholonomic mechanical systems where the three categories
nonholonomic constraints are imposed on the systems. The examples of the first category are
the rolling disk, unicycle and car-like robot where the (kinematics) nonholonomic constraints
imposed by the kinematics, such as rolling constraints, which are constraints linear in the
velocity.

The kinematically redundant robot is the example of the second category. In the case of
kinematic redundancy we will not get a unique solution for the joint velocity vectors for
a given end-effectors tasks. On the other hand we will get the infinite number of feasible
solutions for the joint velocity vectors for a given end-effectors tasks. For a given end-effectors
task or orientation, the minimum-energy solution is the one which guarantees the shortest
path in the joint space. In our case we use the minimum-energy solution, i.e., the pseudo-
inverse of the jacobian matrix. This inverse kinematics imposed the constraints on the joint
velocity vectors to become the corresponding system either holonomic or nonholonomic.
The Free-floating space robot is the example of the third category where the (dynamic)
nonholonomic constraints come from the conversation of angular momentum.

In all cases we write the constraints into Pfaffian form, to get the associated kinematics
model based on non-linear control theory. After then we investigate the system behaviour
on the basis of Lie Bracket operation. Every time we find that the nonholonomic systems
are typically controllable in a configuration space of higher dimension than the input space.
From a mechanical point of view it is an underactuated mechanism that simple means a
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large number of generalized coordinates can be controlled by a few control inputs which can
be considered a unique feature of the nonholonomic systems. This will cause a revolutionary
change in mechanical design.

we have presented the different simulation results for the Free-floating space robot both
in plane and 3D motion. We have shown the linear and angular momentum of the system
derived from Pfaffian form as well as system center of mass. We got the expected result both
for Free-floating sapce robot in 2D and 3D motion.

10.2 Future work

The future work will be

e To derive the dynamic model of the mechanical systems with kinemtic constraints by
using Lagrange-d Alembert equations and to show how it can be partially linearized
via feedback.

e To find out an efficient algorithm for nonholonomic motion planning by using higher
order Lie Brackets of g; to formulate the following extended system:

q= Zgj<(1)uj + Z gi(a)u
j=1 i=1+m

with stabilization criteria.
e Design of nonholonomic manipulator and its control strategy.

e Formulate an algorithm of nonhonomic criteria based on Lie Bracket operation for the
general problem of n-link free-floating space manipulator. This algorithm will be imple-
mented within a multibody simulation environment for inverse kinematics calculations.

e Investigate the problem of switching from nonholonomic to holonomic constraints,
depending on system properties (e.g. geometric, kinematic and inertia parameters,
configuration state variables).
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Appendix A

Symbol

M Configuration Space
n Number of generalized co-ordinates
m Mobility of the system
k Number of kinematic constants
ky, Holonomic kinematic constraints
knn Nonholonomic kinematic constraints
P Nonholonomic constraints
a Generalised co-ordinates
X, Tangent Vector
.M Tangent Space
g Vector field
7! Flow of the vector field
A Distribution
G'(q) Distribution matrix
L Angular momentum
P Linear momentum
J Moment of inertia
T Kinetic energy
U Potential energy

Ji(q) weighted pseudoinverse
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Appendix B

Null Space

The null space of a matrix A is the set of all vectors v which solve the equation Ax = 0, a
linear subspace of the space of all vectors.

Example 1 :

1 =3 2
Let A=1| 2 6 4], find out the nullspace of A.
-3 9 6

The equation Ax = 0 ends up being just the single equation x; — 3z + 223 = 0. So x; is
leading variable and x5, x3 are the free variables. We let o = u; and z3 = uy and solve the
equation for x;. We obtain x; = 3u; — 2us. Therefore,

T 3U1 — QUQ 3 —2
To| = Ul = |1 uy + 0 U9 (Bl)
ZT3 U9 0 1

So the basis of nullspace of A is the set {(3,1,0),(—2,0,1)} The dimension of the null space
1s 2.

Example 2 : Unicycle

Let A =[sinf —cosf 0] find out the nullspace of A.

The equation Ax = 0 ends up being just the single equation x; sinf — x5 cosf + 0xz = 0.
So x is leading variable and x5 are the free variables. We let 9 = u; sin @ and x3 = uy and
solve the equation for x;. We obtain x; = u; cos 6 + Ous. Therefore,

1 u cos 8 cos 0
To| = |ursin@| = [sin@| uy + |0 us (B.2)
T3 U 0 1
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So the basis of nullspace of A is the set {(cosf,sin#,0), (0,0,1)}. The dimension of the null
space is 2.

Example 3: Rolling Disk

1 0 0 —Rcosp

Here A =
e 0 1 0 —Rsing

, find out the nullspace of A.

The equation Ax = 0 ends up being the equations xy —z4R cos ¢ = 0 and x5 — x4 Rsin p = 0.
So x1, o are leading variables and x3, x4 are the free variables. We let x3 = us and x4 = uy
and solve the equation for x; and z5. We obtain x1 = Ru; cos ¢ and x5 = Ru; sin ¢ Therefore,

x Ruy cos ¢ Rcosyp 0
Ruy si R 0
Ta| _ |Rupsing| COS ¢ " s (B.3)
x3 Ug 0 1
T4 Uy 1 0

So the basis of nullspace of A is the set {(Rcosp, Rsing,0,1), (0,0,1,0)}. The dimension
of the null space is 2.

Example 4: Car-like Robot

sin 6 —cosf 0 0
Here A = find out th 11 fA.
ere sin(0+6) —cos(f+¢) —lcosé 0] nd out the nullspace o
The equation Ax = 0 ends up being the equations x; sin @ — x5 cos = 0 and x; sin(6 + ¢) —
x9 cos(0 + ¢) — x3lcos = 0. So xq, x3 are leading variables and x4, x4 are the free variables.
We let x1 = uq cosf and x4 = us and solve the equation for x; and x».

We obtain o = uy sin and z3 = 4 tan ¢

1 U1 cos 6 cos 0
ro| | wupsin® | | sind 0
z3| &L tan ¢ N % tan ¢ et 0 2
Ty Us 0 1

So the basis of nullspace of A is the set {(cos6,sin 6, } tan¢,0), (0,0,0,1)}. The dimension
of the null space is 2.



Appendix C

Lie Bracket

a q1
Let g= b yd = |42
c qs

Lie Bracket:
Og g
[glagQ] = (a_ngl - a_qlgz) =83 (C-l)

where

da  a  da

dq, Oq dq
% _ | o5 op (C.2)
— | 9q dq dq '
aq Bcl 802 803

E 04q, dqy

A Lie Bracket takes two n dimensional vectors and returns a new n-vector. But it is not
guaranteed that this vector is linearly independent from the creating two others.

Rolling disk:

g, =[Rcosp Rsing 0 1]" (C.3)
g, =0 0 1 0" (C.4)

and
a=[z y ¢ 6 (C.5)
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and

and

LIE BRACKET
g; = (81,8 =
0 0
{00
100
0 0
=[Rsiny
g og
g = [82,8;5] = <8_ofg2 - 3_(12
0 0 Rcosp O 0
10 0 Rsinp 0 0
oo 0o o |1
0 0 0 0 0

=[Rcosy Rsinp 0 0]

Car-like Robot:

g = |:COS(9

0 —Rsinp 0
0 Rcosep 0
0 0 0
0 0 0

|
o o oo

T

1 T
sin 6 7 tan ¢ O]

g, =0 0 0 1"

q=[r y 0 ¢

We need to compute g5 and g,.

]T

g; = (81,8 = %g —%g
3 1) 82 aq 1 aq 2
0 0 —sind 0 0
_ 0 0 0 cos6 0 0
00 0 ke 0] |0
0 0 0 0 1
1 T
=10 O 0
l [cos? ¢ ]

90
(C.6)
Rsing
—Rcosp
0
0
(C.7)
(C.8)
(C.9)
(C.10)
(C.11)
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and

8 = [81,85] = %g —%g

4 1,83 aq 1 aq 3
[0 0 O 0 cos 6
0 00 0 sin 6

p— a _

0 00 30 (lm;%) %tamp
0 0 0 0 0
[0 0 —sind 0 0
0 0 cosf 0 0 (©.12)
00 0 (lcoich) lc;slch .
00 0 0 0

sin 0 cos 6 4
. 1
[ lcos?p  lcos? ¢ 0 0] (C.13)



Appendix D

The Frobenius theorem

The Lie Bracket is a only tool needed to determine whether a system is integrable or not
integrable.

(Frobenius’s Theorem) A non-singular distribution is completely integrable if and only if
it is involutive.

As we know that the smooth distribution A associated with the m smooth vector field
{g,--.,8,,} is the map that assigns to each point q € R" linear subspace of its tangent
space, i.e.,

A(q) = span{gy, ..., g, } C To(R") (D.1)

If dim A(q) = m then A is called non-singular or regular distribution. Otherwise A is called
singular distribution and q € R" for which the dim A(q) < m are called singular point.

The n x m matrix , G(q) can be augmented into an n x (m + 1) matrix, G'(q), by adding
[9:, g;] as a new column.

If the rank of G'(q) is m + 1 for all Lie Brackets then it is immediately known that the
system is nonholonomic.

If the rank of G'(q) is m for all Lie brackets, then the system is completely integrable.

We will see the following examples.

Example 1 : Singular distribution

Let us consider the following system .

Q1 q1 q192 q1
Gl =14+g|wu+ |[(1+g)pe| v+ |g| us (D.2)
g3 1 g2 0

= gU1 + GoUz + B3U3
= G(q)u

N
S B
=~ W
N—"
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For any q € R?, g,(q) = ¢28;(q) which implies that the vector fields are linearly depends
over all of q € R?, hence the distribution is singular if , ¢; and ¢, # 0 because

detG(q) =0
rankG(q) = 2,i.e.dimA(q) = 2 < m(= 3)

If both ¢; and g2 = 0 then rankG(q) = A(q). So A(q) depends on q.

Example 2: Motion trapped on a sphere

We consider the following Pfaffian constraints

¢
& @ ] |G| =0 (D.5)
qs
Let ¢o = —qiu; and g3 = —qqus then we obtain
G q2 qs
G| =|—@a|u+ | 0 | u=gu + gus = G(q)u (D.6)
q3 0 —q1

then we get

rankG(q) = 2
dimA = dim(span{g,, g,})(q) = 2(non-singular distribution)

after Lie Bracket operation, we get

83 = [glagQ]T =0 ¢ - Q2]T
Then we get the following accessibility distribution matrix:
2 g 0
Ga=|-a 0 g (D.7)
0 —a —¢
Then we get
detG'(q) =0

G'(q) =2# (n=3)

which means that g3 is never linearly independent of ¢g; and gs. Therefore by Frobenius
theorem the system is completely integrable i.e. the system is holonomic .

We can construct the system by integrating the Pfaffian constraint as follows:
Gi+da+a;—r=0

It is a sphere of radius r(¢) = r and the foliation is generated by selecting any r € (0, 00).
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Example 3: Unicycle

g, =[Rcos Rsin® 0] (D.8)
g, = [001)" (0.9

then we get

rankG(q) = 2
dimA = dim(span{g;, 8,})(q) = 2(non-singular distribution)

after Lie Bracket operation, we get

g3 = [g17g2]T = [sinf —cosd O]T

Then we get the following accessibility distribution matrix:

cosf 0 sinf
G'(q) = [sinf 0 —cosd (D.10)
0 1 0

Then we get

detG'(q) = —R*# 0
rankG'(q) =3 =n

which means that g; is linearly independent of g, and g,. So by Frobenius theorem the
system is not integrable i.e. the system is nonholonomic.

Example 4: The rolling disk

We get the following accessibility distribution matrix:

Rcosp 0 Rsing Rcosp
Rsing 0 —Rcosy Rsing
0 1 0 0
1 0 0 0

G'(q) = (D.11)

Then we get

detG'(q) = —R* # 0
rankG'(q) =4 =n

which means that g,g,,g;andg, are linearly independent. So by Frobenius theorem the
system is not integrable i.e. the system is nonholonomic.
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Example 5 : Car-like Robot

We get the following accessibility distribution matrix:

cosf 0 0 - l_C(f:le
singd 0 0 cosh_
G'(q) = Leos®¢ D.12
(a) % tang 0 lcolsg 3 0 ( )
0 1 0 0
Then we get
detG/(q) = ——— £0
e = —
V= Teos? 10)

rankG'(q) =4 =n

which means that g, g,,g;and g, are linearly independent. So by Frobenius theorem the
system is not integrable i.e. the system is nonholonomic.



Appendix E

Planar Space Robot

E.1 Two-Body Planar Space Robot

1. First Approach [1]

7.‘(;[’;3:| _ |:—/{Z11 sin 01 —]{712 sin 02:| |:91:|

¢ |: kll COS 01 k’lg COS 02 02

Tely
2 _ T
Vi =TT

: : —]CH sin 91 ]CH COS 01 —]{311 sin 61 —k'lg sin 62 91
[0y 6

—kflg sin 02 ]{712 COS 92 kll COS 01 l{ilg COS 92 92
A : 1{3%1 klll{?lg COS(@Q — 01) él
- {01 92} 2 )
k‘glk’gg COS(QQ — 01) k?22 92
Similarly
Vs =1L
. . kgl k21k22 COS(62 — 91) 91
= [01 92} 2 )
k21k22 COS(QQ — 91> ]{322 82

The total kinetic energy of the system

2
1 . 1 . :

bi1 bia (01, 02)]

1 .. .
T=T+T,==1[0, 6
it =g [0 0] {bm(el,eg) bys
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where
b11 = Jl + mll{% + mgk‘gl (E6)
bia(01, 02) = (miki1kia + makai ko) cos(0y — 61) (E.7)
ba1(01,02) = bi2(61,0-) (E.8)
b22 = Jg + mlszg + +m2k§2 (Eg)
In our case
1 ) )
T=3 [(Jl +ma k3, + maky, )07 + (Jo +my k122 + m2k;222)0§]
1 .
+5 [2@12(91, 92)9192} (E.10)
1 /— .. _ . ..
- 5 (Jlef + JQ@% + 2b12<91, 92)9192) (E]_l)
where
71 = J1 + mlkfl + ka;l (E12)
Jo = Jo +mk12? + +myk22° (E.13)
So
or — . .
P1= —— = Jlgl + b12(¢91, 92)92 (E14)
00,
or — . .
p2 = —— = Jaby + b12(01, 02)0, (E.15)
00,
(E.16)
From the conservation of angular momentum we get the following Pfaffian constraints:
9 _ )
Jq b12(‘91,92)] [91]
Xi: pi=[1 1] {buwl, ) T |6 (E.17)
We assume relative angle ¢ = 6, — 6, so Pfaffian constraints
Jh bu(qzsl)} [ 0 ]
11 = . - =0 E.18
L 1] {512(9251) Jo | [+ 6 (E-18)
or in compact form
_ _ 0
[J1 4+ Jo + 2b12(¢1) T+ bia(¢n)] Lﬂ =0 (E.19)

Let A(q) = [71 + Jo + 2b1o(p1) Jo + b12(¢1)} and we will find out the null space of A(q).
The equation A(q) = 0 ends up being just the single equation

(71 + 72 + 21)12(@51)) 91 + (72 + b12(¢1)) gﬁl =0 (EQO)
P _ J 7 _ Ji+J
We let ¢1 = u,a = m1k11k12_~_2m2k21k22 Jo, and b = m1k11k1;+m22/€211€22

) __a+tbcos gy
a= ] - [ M] u=Glqu (B.21)
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2. Second Approach (Direct Approach)
Angular momentum of the 1% body
L, = J,0, + ml(k%lél + k%ﬁg + k1 k1205 cos(fy — 61) + ky1k100, cos(fs — 61)) (E.22)
Angular momentum of the 2"¢ body
Ly = Jobly 4+ mo (k2,01 + k2505 + kg kool cos(0s — 01) + kagkasy cos(0s — 61))  (E.23)
Conservation of angular momentum
Li+Ly=0 (E.24)

Let ¢1 = 92 — 911

) Jlél + mq (k%l‘gl + k%zég
+ki1k1202 COS(QQ — 91) + k11k120, COS(QQ — 91))

: . . =0 E.25
] ) +J2<¢1+ 91) + mg(/f§1(91+ ) ( )
k%2(¢1 + (91) -+ ((bl -+ 91)/€21k‘22 COS (251 -+ k21k2291 COS ¢11)
(Jl + mlk‘fl + ka‘%Q + 2m1k’11k512 COS ¢1 ) 1
+J2 -+ mgkgl -+ mgkgz -+ 2m2k21k22 COS (b1>91
. ) =0 (E.26)
—|—(J2 + m1k12 + m2k22 + mllf:nku COS ¢1
i +makgr koo cos @)y
[(Jy + mukdy +makdy + o+ makdy + mokd, |
+2m2k521k22 COS ¢1 +22m1k11k212 COS ¢1)91 —0 (E27)
+(Jo + makiy + moksy+ ‘
i mq k‘lll{lg COS ¢1 + mgk’gl k’zg COS ¢1)¢1
Let
71 == Jl + mlkfl + mgk’gl (E28)
72 = J2 + mlki + kagz and (E29)
blg(gbl) = (mlk’llk’lg + mgk’glk‘zg) COS(qb) (E30)
then we obtain
(71 +Jo+ 21)12((251)) 01 + (72 + 512(¢1)) $1 =0 (E.31)
or in compact form
_ _ 0
[J1 4+ Jo + 2b12(¢1) T+ bia(¢n)] { (;J =0 (E.32)

we get the same equation from these two approaches.



APPENDIX E. PLANAR SPACE ROBOT

E.2 Three-Body Planar Space Robot

From the geometrical constraints of the body we get the following

Telz) [cos 6] [cos 6, ]
[7‘ = Fu sin 0 T ka2 sin 0 kg

cl,y | L 1] L 2]

Teo. ] [cos 6] [cos 6, ]
|:T = sin 0 ka2 sin 0 ks

c2,y | L 1] L 2 |

7ncB,ac- -COS 91- -COS (92_
= ka1 | . + k3o | + ka3

T3] | sin 0y | | sin s |

with the abbreviations

—(mg + m3)(l1 — dl)

[cos 65]
_SiIl ‘93 ]

[cos 5]
_SiIl ‘93 ]

[cos 5]

_SiIl ‘93_

m1l2 + (lQ — dQ)mg

my

ki = ki = —
my
iy = 5%
my
feooy — m1d2 — (lQ — dg)mg
22 =
my
k31 = kg k3o =
foan — ds(my +mso)
33 =
my

The velocity of the 1% body at its center of mass

7'ﬂcl,x:| _ |:—k’11 sin 91 —k’lg sin 92

V| =T, =
[ kipcosf; kg cosby

7.ﬂclyy
The velocity of the 2" body at its center of mass

7.'02,x:| _ |:—k'21 sin 91 _k22 sin 92

Vo =T = |,
Te2,y ]{]21 COS 91 k'22 COS 92

The velocity of the 3" body at its center of mass

kfgl COS 91 ]{332 COS 62

. . 7"03@ . —]{731 sin 91 —]C32 sin 92
Vg =Tz = |. =
Te3yy

—klg sin 03
k’13 COS 93

—kgg sin (93
k’gg COSs 03

—k33 sin ‘93
k?33 COS 93
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1. First Approach [1]

_kll sin 91 kll COS 61
V% = I"Z;I"Cl = [91 92 93} —]{712 sin 92 /{312 COS 92
—l{?13 sin 93 k’13 COS 93
—]{311 sin 01 —k'lg sin ‘91 —k'lg sin 91
I{?H COS 01 k?lg COS 82 l{ilg COS 93
o ki vi(1,2) (1, )
= [01 02 03} Vi (2, 1) k’%Q Vl( ,
vi(3,1) vi(3,2) ki

where
similarly
o=
where
2 _
V3 e
where

k11k12 COS((92 — 91)
]{?11]{513 COS(03 — 91)
k12k'13 COS(93 — 92)

va(1,2) vo(1,3)
k‘gQ V2<2’3)] |:
vo(3,2) k2,

k21k22 COS(&Q — 91)
k’glk'gg COS(93 — 91)
]{3221{323 COS(493 — 92)

v3(1,2) wv3(1,3)
k’§2 V3(2,3>] |:
V3(3, 2) ]{7?2)3

]{?31]{532 COS(02 — 91)
k31k33 COS(&g — 91)
k32k33 COS((93 — 92)

2
0
2

2
2
03
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Kinetic energy of the 1% body:

T = ;mlvl + = J;6? (E.43)
L o ko vi(1,2) vqi(1,3) 9:1
_ 5Jﬂf + 5 (01 05 0] [vl(Z, 1) kK, vi(2 3)] {92]
vi(3,1) vi(3,2) ki 05
k20101 + ky1kyo cos(0y — 61)610, 1
+hiikg cos(05 — 01)0301 + kuikis cos(0a — 61)6105 -
= -my +k12k1260102 + k11k13 cos(05 — 65)0205 I s §J19%
+k11k13 cos(fs — 91)9193 + k12ki3 cos(03 — 02)0205
+k139393

3
1
= §m1 Z Z klhklj COS —0; )9 9h

Lh=1 j=1

+ J162 (E.44)

Kinetic energy of the 2" body:

k20101 + Koy koo cos(0y — 61)610,
+ko1kos COS(Q;)_, - 91)9391 + ko1 koo cos(02_ - 91)«9192 ..
Ty = —my +kaokaot: 05 +.k?2'2]€23 cos(f3 — 02)0205+ o + §J29%
k’glkgg COS(93 — 91)9193 + kQQng COS<93 - 92)9293
+ko30505

- 3 3
1
= §m1 Z Z k’Qhkgj COS —0; )9 eh

h=1 ]:1

+ = J202 (E.45)

Kinetic energy of the 3" body:

3 3
1 .
§m1 [ E E l{ighkgj COS(@}L — Hj)é’jé’h

1 .
+ 5Jgeg (E.46)

Therefore the total energy:
1 ‘o Lo . .
=-0'B
29 (0)0 [91 0o 03]

b11 C1 COS(Gl — (92) Co COS(91 — 93) 6.1
C1 COS(91 — 92) b22 C3 COS(92 — 93) 92
Co COS(@l — 03) C3 COS(HQ — 03) b33 93

(E.47)
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where

c1 = mikiikiz + maokai koo + maks ko
c2 = myki1kiz + mokoikag + msksiks3
c3 = mikiakiz + mokaakag + maksakss
by = Jy +muky + makd; + mak3,
bao = Jo + miki, + mak3, + maki,

bss = J3 + mikls + mokas 4+ makas

The Pfaffian constraints:

ipi: 1 1 1]

b11 C1 COS(91 — 92) Cy COS(91 — 93) 91
C1 COS(el — 92) b22 C3 COS(92 — 93) 92 =0
Co COS(el — 93) C3 COS(02 — 93) b33 093

2. Second Approach (Direct Approach)

Angular momentum of the 15 body, 2"¢ body and 3¢ body respectively

L = Jiw; + my(rea x vy)
Ly = Jows + ma(re X Vo)

L3 = J3W3 + mg(rcg X Vg)

and the tilde operator

0 —Telz —Tely

ey = Tel,z 0 —Telx

__rcl,y rcl,z 0 4

0 T2z T2y

Tep = Te2,z 0 T2,
__rc2,y T'e2,x 0

0 —Te3,2 _TCS,y

re3 = Te3,z 0 —Te3,x

L= T3y Te3.x 0 _
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Now we get the angular

momentum of the 15 body

L1 = Jlél + m1<f'cl.V1)

0 0 —Telz —Teay
= 0 + my Tel,z 0 —Telz
Jlel __rcl,y Tcl,w 0

_—kgl sin 9191 — klg sin 9292 — klg sin 9393
le COS 91‘91 — ]{Zlg sin 9292 — ]{Zlg sin 9393

L 0
0 C 0 0 Ty,
= 0 + my 0 0 —Telx
Jl ‘91 | —Tely Telx 0

-—]{321 sin 0191 — ]{312 sin 0292 — ]{313 sin 0393
]{?21 COS 0191 — ]{312 sin 0292 — ]{313 sin 0393
0

since x and y components of L are zero, we have only

L1 = Jlél + my
Similarly we get the ang

L2 = JQéQ + Mo

L3 = J393 + ms

[ (k%l + k’lgkill 008(91 — 02) + klgk‘ll COS((91 — 03)) (9.1‘ T
+ (k%Q + ]{11]{312 COS(91 - 6‘2) + ]{313]{312 COS(QQ — 93)) 9‘2
_+ (k%g) + kllklg COS(91 - 92) + klgklg COS(92 — 93)) (93_

[ (k%l + k’QQk?Ql COS(el — Qg) + ]fggk‘gl COS(Gl — 03)) 0.1. ]
+ (k%Q + k21k22 COS(91 - 6‘2) + k23k22 COS((92 — 93)) (?2
_+ (k%g -+ kglk’gg COS(91 — 92) -+ k23k22 COS(92 — 93)) (93_

[ (K2, + ksoksy cos(0) — 03) + kszksy cos(0; — 03)) «9'1‘ i
+ (k:%Q + kglkgg COS(91 — 92) -+ k33k32 COS(92 — 93)) (?2

ular momentum of the 2nd and 3rd body respectively.

_+ (/{332,3 + k31k33 COS(91 — 92) + k33k‘32 COS(QQ — 93)) ‘93_

Now by the conservation of angular momentum

we obtain

L1+L2+L3:0

[ my (k%) + kioki11 cos(0) — 03) + kyzkiy cos(0; — 63)) T '
+mo (k%l + k22k21 cos(91 - 92) + k23k21 COS<01 - 93)) 01+
_+m3 (k%l + k’32]{331 COS(@l — 92) -+ k33/{331 COS(Gl — ‘93))_

i mi (k%Q + kllklg cos(61 — 92) + klglﬁg COS(GQ — (93)) T )
+mo (k?%Q + k21k22 008(91 - 92) + ]{323/{322 COS(GQ - ‘93)) 02+

_—|—m3 (k’gQ =+ k31k32 COS(@l — 02) + k33k§32 COS(@Q — ‘93))_

i mi (k%g + ]{3111{313 COS(@l — 92) =+ k‘lgl{?lz COS(HQ — ‘93)) T )
—|—m2 (k/’g3 + k?glk'gg COS(@l — 02) + k?ggk?gg COS(92 — ‘93)) 93+

_+m3 (k§3 + k’31/{533 COS(91 — 92) + k33k32 COS(92 — 93))_

Jlél + J292 + J393 =0
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or in compact form

b11 C1 COS(Ql — 92) Co COS(@l — 03) 91
[]_ 1 1] C1 COS(01 - 92) b22 C3 COS<02 - 93) 0:2 =0
Co COS(@l — (93) C3 COS(92 — 93) 633 93

where

c1 = mykiikiz + mokoikao + msksi k3o
c2 = makiikiz + makarkoz + maksi ks
c3 = myikioky3 + mokoskas + msksakss
bin = Ji + miky, + mak3, + mak3,
byz = Jo + makiy + mak3, + mak,

b33 = J3 + mlkf?) + mgk:%g + m3k§3

Hence we came to reach the same equation (Eq. (E.48)) as in the first approach.

Then we can convert into the following Pfaffian form.

0
[an a2 a13} Qz =0
03
where
a1 = by + ¢1 cos(by — 63) + co cos(6 — 63)
a1 = ¢1 cos(0y — 03) + bag + c3 cos(0y — 03)
a13 = Co COS<01 — 93) + c3 COS(QZ — 93) + 633
Let
O =0 — 0
Go = b3 — O,

So we get finally

aj1 = byy + ¢1 o8 @1 + o cos(pr + ¢2)
(12 = €1 COS @1 + bag + €3 COS Po

a3 = 3 co8(P1 + o) + c3 oS o + bsz

104

(E.60)

(E.61)



Appendix F

Free-floating space robot

Total linear momentum of the system with respect to I-frame:

P=rPi+/ P>
=M1 [Veom1 T M2 1Veom 2
=mq (1Vp +wp X Rrx1 k1TB.com1) + Ma(1vy + (rws + RixiRi1k2 kows)
X Rrx1Rk1K2 k2T B com 2)
=my (IVb — Rygiry X Iwb)
+ ma(1vy + (rwy + RixiRi1k2 kow2) X RrxiRg1kars)
=my vy — Rrgiry X jwp +ma vy
+ma (Ve + (1w + RrxciRik1k2 kowa) X RigiRi1kors)
=my vy — mi(Rrgiry X Iwb)
+ma vy + m2(1wb X RIKlRK1K2F2) + m2(RH<1 K1wy X R1K1RK1K21‘2)
+ ma(Rix1Ri1k2 kows X RigiRk1kors)
= (m1 +mg) 1vy — mi(Rrgir: X jwy) + ma(jwy X RrgiRi1kors)
+ mQ(RIKl K1wy X R1K1RK1K21‘2) + m2(RlK1RK1K2 KaWwg X R1K1RK1K2I‘2)
= (m1 +ma) 1vy — MaRrxiT1 - 1ws
—moRriRi1kol2 - jwp + mz(RlKl K1wi X RIKlRKlKQrZ)
+ m2(RU<1RK1K2 Kaw2 X RIKlRK1K2P2)
= (m1 +ma) 1vy — MuRx1T1 - jwp — maRigiRi1koTs - 1wh
+ ma(Rik1 k1wi X RigiRi1kors) + ma(RigiRi1kors)+

mQ(RIKlRK1K2 KaoWg X RIKlRK1K2I'2)
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= (ml + m2) IVy — (mlRlKlf'l + m2R1K1RK1K2f'2) IWp
— ma(Rrx1Ri1xoTs X RyiTa X Rk kiwr)
- m2(RIK1RK1K2F2 x Rrx1Rk1k2 K2w2)

= (ml + m2) IVy — (mlRlKlf'l + m2R1K1RK1K2f'2) IWp

0
—moRrxiRki1kol2Rik1 | O
G
o
—moRrxiRg1kel2RikiRiire | 0
0
where
0 —T1z le O 0 dl
f‘l = 12 0 Tz | = 0 0 0
—le T 0 —dl 0 0
and
0 —ro Ty 0 0 dy
I~'2: T2, 0 Tox | = 0 0 0
—T'Qy Tox 0 —dQ 0 0

The angular momentum of the 1% body with respect to K1-frame:

rk1Li = k1Jcom k1ws + (K1TB com1 +TB0) X (M1 K1Veom1)
=Jywy + (r1 +150) X (M1Veom1)
== leb + (rl X Veoml T T X M1 Veoml
= Jiwy +mury X Vegmi +1 X g1 Py
= Jywp +mT1 X Veo1 + T+ 1Py
=Jywp +mury X (v +wp X11) +T- 1Py
=Jwwp +my(ry X vp+r; Xwy X))+ 1Py
= leb+m1(f'1 . Vb+I~'1 s wp X I‘1) +f‘ . K1P1
= leb + ml(f'l -V — f‘l . f‘l(Ub) + I~' . K1P1

=mT1vy + (J1 — Ty - T1)wp + T - 1P

where

2 2 2
riy t T Ty Tl di 0 0
_ 2 2 _
Ty = | —Try T, +7, —Tr| =—10 0 0
2 2 2
—T1z712 —T1yT1z le + Tz 0 0 dl
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The angular momentum of the 2"¢ body with respect to K2-frame:

r2lie = godconrn mwg”s + (K2I'B,com2 + I'B,o) X (m2 K2Vcom2)
= Jo(wp + w1 + wa) + Maly X Veoma + MaTB o X Veom2
= Jo(wp + wi + wa) + mary X (Vi + w5
= Jo(wp + w1 + w9)
= Jo(wp + w1 + wo)
+ Moy X Vi + Male X (Wp + wy + wa) X o + T+ goPo
= Jo(wp + w1 + wo)

+ mgfg *Vyp + (J2 — m2f2 . f‘2)u)b + (Jg — m2f'2 . f‘2)w1

X Ty) + T X MaVeoma

+ Mory X Vp + Moly X wgbs XTy+1T X Py

+ (Jg — me‘g . f'Q)WQ + f’ . K2P2

where
2 2 2
Ty, T T3, —Toalay  —T2T2s d; 0 0
<= 2 2 _
Ty Ty = | —TouToy T5, +75, —Tore. | =—10 0 0
2 2 2
—TaxT2,  —ToyT2z Ty + 13, 0 0 dQ

Total angular momentum with respect to I-frame:

rolo = Rkl + RixiRii1ko kLo
= (muTy + maole) vy + (k1d1 — mufy - T1 +xo Jo — maly - To) jwy

+ (kodo — mals - T9)jwy + (odo — Male - To)jwo + T -/ P

Pfaffian form:

Vy
Wy
a;; app by b I 0
ag; az by ba S
q:
[ 192] |
or in compact form
Asxa(q)Ggys =0 (F.1)
Let u; = q; and uy = q, we get the following:
Vi ajoboi—bijags ajobos—bisags k k
Wh 311b2t2)—3_21&112) anaﬁz—amai’z 11 12
L . —a a a —a
_ | T anamanan T anamoanan | | W] _ (Ko ke| jw
.o 1 0 U2 1 0 L 5))
q
. 0 1 0 1
| L92] |
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where

k21 =

Then we can get as in compact form:

After expanding we get

G12><6((1) =

Now we reduce this matrix for our particular case
be deleted from Giax6(q) where

u=(0 0 ¢

ki
ki
it
ka1
k31
K31

kqy

ko
1
0

ki
)
e
ko
k3
Foi

137
ki
23
ki
33
kil
137
Koy
23
Ky

33
k21_

r7.11
le

and k12 = k%

31
_k12

rz.11
k22

and k22 = ]{Z%%

31
_k22

Qyx1 = G4x2(Q)A2x1

kio

koo
0
1

So we obtain our kinematic model

where

r7.11
kll
21
kll
31
kll

.11
k21

21
k:21

31
k21

ki
)
ki
ko
k3i
Foi

0
0
0

o

kit
kit
Gt
kot
k3
Gl

0 0)F

Giyo(q) = span{g}, g} }

q8><1 = Géx2(q)u2><1

;o /113 23 33 13 23
g3—(k:11 kiy Ry kgl kay

/

g4 =

Lie Bracket

(ki

21
k12

31
k12

11
k22

21
k22

k1
ki
ks
ka5
k35
ks

7-11
k12
21
k12

1 of

13
ki
23
ki
33
ki
13]
ks
23
K

33
k22_

12
k:12
22
k12
32
k12

12
k22
22
k:22
32
k22

1
1
1

S

137
k12

23
kl?
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(F.2)

(F.3)

. Then Tth, 8th, 11th and 12th rows will

(F.6)

(F.7)

We have already got g/, g5, g5, &), 8%, g so we would like to find out g/, g;. But we have not
calculated g7, gt because it is too heavy. Maple calculation did not return any solution.



Appendix G

Calculation with Maple Software

G.1 Redundant Manipulator

G.1.1 One Link Manipulator
>x = ql+L*cos(q3);
x = ql + Lcos(¢3)

>y 1= q2+L*sin(q3);
Y 1= q2 + Lsin(¢3)

>Jq:=<<diff(x,q1),diff (y,q1) > | <diff(x,q2),diff(y,q2) >| <diff (x,q3),diff (y,q3)>>;

10 —Lsin(q?)]

1= {O 1 Lcos(g3)

>W:=<<1,0,0>]<0,1,0>|<0,0,w? >>;

10 0
Wi=101 0
0 0 w?
>inW:=Adjoint(W)/Determinant(W);
10 0
inW = |0 1 (1)
0 0 2
>AA:=Jq.inW.Transpose(Jq);
4 L?sin(q3)? L?sin(q3) cos(¢3)
A w2 w2
. L?sin(¢3) cos(¢3) L? cos(¢3)?
- 2 I+ ——
w w

>inAA:=Adjoint(AA)/Determinant(AA);
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L? cos(g3)?
N (¢3)

w? (1 w2 ) 12 sin(¢3) cos(¢3)
inAA := 71 521' (437
sin(q
L?sin(¢3) cos(¢3) w? (1 + w2 )
%1 %01 |

%1 := w2 + L2 cos(¢3)% + L?sin(¢3)?
> psedq = inW.Transpose(Jq).inAA;
pselq :=
I L?cos(¢3)?
w? (1+ > ) L2 sin(q3) cos(¢3)
%1 ’ %1
: L?sin(q3)?
L?sin(¢3) cos(¢3) w? (1 + ) )
%1 ’ %1
. L?cos(¢3)?
Lsin(g3) (1 + 02 ) N L3 cos(¢3)*sin(¢3)
%1 w? %1 ’

L*sin(¢3)?

w? )

L3 sin(q3)? cos(¢3) N Lcos(q3) (1+
w? %1 %1

%1 = w? + L?cos(q3)* + L*sin(q3)?

> Gq = simplify(pseJq);

[ w? + L% cos(¢3)? L?sin(q3) cos(¢3)

w? 4 L2 w? + L2
G = L*sin(¢3) cos(¢3) w*+ L? — L% cos(¢3)?
w? + L2 w? + L2
Lsin(q3) L cos(¢3)
T EYE I

>gl:=<Gq[1,1],Gq[2,1],Gq[3,1]>;

w? + L?cos(¢3)? ]
'U)2 + L2
L?sin(q3) cos(¢3)
U)2 +L2
Lsin(q3)
w2 L2

gl :
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>g2:=<Gq[1,2],Gq[2,2],Gq[3,2]>;

L?sin(q3) cos(¢3)
w? + L?

w? + L? — L? cos(q3)?
w? + L?
Lcos(¢3)
w2 + L2

> dffgl:=< <diff(g1[1],q1),diff(21]2],q1),diff(g1[3],q1)>|
<diff(g1[1],q2),diff(g1[2],q2),diff(g1[3],q2)>|
<diff(g1[1],q3),diff(g1[2],q3),diff(g 1[3],43)>>;

g2 -

0 0 _ 2L7sin(g3) cos(¢3)
w? + L?
dfigl = | 0 0 L? cos(q3)? B L?sin(q3)?
w2_|_L2 w2+L2
L cos(q3)
0 0 ——
w? + L2 i

>dffg2: =< <diff(g2[1],q1),diff(g2[2],q1),diff(g2[3],q1) >
<diff(g2[1],q2 ),diff(g2[2],q2),diff(g2[3],q2)>|
<diff(g2[1],q3),diff(g2[2],q3),diff(g 2[3],q3)>>;

[ 00 L?cos(¢3)®  L*sin(g3)? 1
w2 + L2 w2 + L2
2 .
a2 = | 0 0 2 L*sin(¢3) cos(¢3)
w? + L2
Lsin(¢3)
0 0 ——
i w? + L? i
>g3:=dffg2.g1-dffgl.g2;
>simplify(g3);
sin(q3) L?
(w2 + L2)2
L3 cos(q3)
(w? + L2)2
L2
(w24 L2)? |

>Glees =< < gl>|<g2>]<g3>>;
Gq_accs :=
w? + L?cos(q3)* L*sin(¢3) cos(q3)
w? 4 L? ’ w? + L2

?
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L%*cos(¢9)*  L%sin(¢3)?, , .
w12 wla L2 ) Lsin(g3) o3 sin(¢3) cos(¢3)?
w? + L2 (w? + L2)2
L%sin(q3) cos(g3) w?*+ L? — L?cos(¢3)?
w? 4 L? ’ w? + L2
L?cos(q3)*  L*sin(¢3)?
2L%sin(g3)?cos(q3)  wripr  wryrr ) LCOS(Q‘?)]

(

Y

(w2 + L2)2 w2 + L2
~ Lsin(g3) Lcos(¢3) L*sin(¢8)* | L?cos(¢3)”
w2+ L2 7 w4+ L2 (w?+L2)2 (w?+ L2)?
> Rank(Gqqcces);

G.1.2 Two Link Manipulator
>zetal := ql-+11*cos(q3)+12*cos(q4)
C; = ql +11 cos(q3)+ 12 cos(q4)

>zeta2:=q2+11*sin(q3)+12*sin(q4);

Co = q2+ 11 sin(q3) + 12 sin(q4)

>Jq:=<<diff(zetal,ql),diff(zeta2,q1)>|<diff(zetal,q2),diff (zeta2,q2) > |

<diff(zetal,q3),diff(zeta2,q3) >|<diff (zetal,q4),diff (zeta2,q4 ) >>;

1 0 —I1sin(¢3) —I2sin(q¢4)

Jqg =
0 1 I cos(q8) 12 cos(q4)

>W:=<<1,0,0,0>|<0,1,0,0>]<0,0,1,0>]<0,0,0,w"2>>;

100 O

o O
[
—_ O
oS O

>inW:=Adjoint(W)/Determinant(W);
>AA:=Jq.inW.Transpose(Jq);
>inAA:=Adjoint(AA)/Determinant(AA);
>pseJq:=inW.Transpose(Jq).inAA;
>Gq:=simplify(pseJq);

>Rank(Gq);
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>gl:=<Gq[1,1],Gq(2,1],Gq[3,1],Gq[4,1]>;
gl :=

B w2+11%(cos(q3)) w2 +122 (cos(q4))?

113

w2+112w2 4112122 (cos(g4 ))2—2 112122 (cos(q4 ) )% (cos(q83)) 241224122112 (cos(¢83) )% —2 112 sin(q8) cos(q3)122 sin(q4 ) cos(q4)
112 sin(¢3) cos(q3)w?+12% sin(q4 ) cos(q4)

w2+112w2 4112122 (cos(g4 )2 —2 112122 (cos(q4 ) )% (cos(¢83)) 2 +122 4122112 (cos(¢3) )% —2 112 sin(¢8) cos(3) 122 sin(q4 ) cos(q4)
1 (sin(q3)w2+sin(q3)122(cos(q4 ))2—cos(q3)122 sin(q4 ) cos(q4 ))

w2122+ 11 2122 (cos(g4))2—2112122(cos(g4 ))? (cos(¢3)) 2 +122+122112(cos(q3) )% —2 112 sin(¢3) cos(q3)122 sin(q4 ) cos(q4)

2 (7 sin(q4)—sin(g4)11%(cos(¢3))%+cos(q4)11? sin(¢3) cos(qfi’))
2

>g2:=<Gq[1,2],Gq(2,2],Gq[3,2],Gql4,2]>;
g2 =

w2+112w2 4112122 (cos(q4 )2 —2 112122 (cos(q4 )% (cos(¢3)) 2 +122 4122112 (cos(¢3))? —2 112 sin(¢8) cos(¢3) 122 sin(q4 ) cos(q4)

B 112 sin(¢3) cos(g3)w?+122% sin(q4 ) cos(q4)

w2+112w2 4112122 (cos(q4 )2 —2 112122 (cos(q4 ) )% (cos(q83)) 241224122112 (cos(¢3) )% —2 112 sin(q8) cos(q3)122 sin(q4 ) cos(q4)
—w2—112w2+112(cos(q3)) w2 —122+122(cos(q4 ) )?

o w2+112w2 4112122 (cos(g4 )2 —2 112122 (cos(q4 ) )% (cos(¢3) )2 +122 4122112 (cos(¢3) )% —2 112 sin(¢3) cos(q3)122 sin(q4 ) cos(q4)
i1 (7 sin(¢8)122 sin(q4) cos(q4)+cos(q3)w2+cos(q3)122fcos(q3)122(cos(q4))2)

w24112w2 4112122 (cos(q4)) 2 —2 112122 (cos(q4 ) )% (cos(q3)) 2 +122 4122112 (cos(¢3))? —2 112 sin(¢3) cos(¢3) 122 sin(q4 ) cos(q4)
2 (sin(q4)ll 2 5in(¢8) cos(q83)—cos(q4 ) —cos(q4 ) 112 4-cos(q4 )11 2(cos(qS’))2)

>dffgl:=

<<diff(gl[1],q1),diff(g1]2],q1),diff(g1[3],q1),diff (g1[4],q1)>|
<diff(g1[1],q2),diff(g1[2],q2).diff(g1[3],q2),diff(g1[4],q2) > |
<diff(g1[1],93),diff(g1[2],q3),diff(g1[3],q3),diff(g1[4],q3) >
<diff(g1[1],q4),diff(g1[2],q4),diff(g1[3],q4),diff(g1[4],q4) >>;
>dffg2:=

<<diff(g2[1],q1),diff(g2[2],q1),diff (g2[3],q1),diff (g2[4],q1)>|
<diff(g2[1],q2),diff(g2[2],q2),diff(£2[3],q2),diff(g2[4],q2) > |
<diff(g2[1],q3),diff(g2[2],q3),diff(g2[3],q3),diff(g2[4],q3) > |
<diff(g2[1],q4),diff(g2[2],q4),diff(g2[3],q4) ,diff (g2[4],q4) >>;
>g3:=dffg2.g1-dffgl.g2;

>dffg3: =< <diff(g3[1],q1),diff(g3[2],q1).diff(g3[3].
<diff(g3[1],q2),diff(g3[2],q2),diff(g3[3],q2),diff(g3[4],q2) >
<diff(g3[1],93),diff(g3[2],q3),diff(g3[3],q3),diff(g3[4],q3) >
<diff(g3[1],q4),diff(g3[2],q4),diff(g3[3],q4) ,diff (g3[4],q4) >>;

>gd:=dffg2.g3-dffg3.g2;

L w24112w2 4112122 (cos(q4 )2 —2 112122 (cos(q4 )% (cos(¢3)) 2 +122 4122112 (cos(¢3))* —2 112 sin(¢3) cos(¢3)122 sin(q4 ) cos(¢4)
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G.2 Lie Bracket operation for Planar Space Robot (3-
body)

>el:=<-A12/A11,1,0>;

gl = 1
0
>p2:=<-A13/A11,0,1>;
_A13
All
g2 = 0
1

>all:=bll+cl*cos(phl)+c2*cos(phl+ph2);

all := b1l + c1 cos(phl)+ c2 cos (phl + ph2)

>al2:=b22+cl*cos(phl)+c3*cos(ph2);

al2 = b22 + c1 cos(phl) + ¢3 cos (ph2)

>al3:=b33+c2*cos(phl+ph2)+c3*cos(ph2);

al3 := b33 + c2 cos (phl + ph2) + ¢3 cos (ph2)

>All:=all+al2+al3;

A1l := b11 4+ 2cl cos(phl) + 2c2 cos(phl + ph2) + b22 + 2 ¢3 cos (ph2) + b33

>A12:=al2+al3;

A12 := b22 + ¢l cos(phl) + 2 ¢8 cos (ph2) + b33 + ¢2 cos (phl + ph2)

>A13:=al3;

A18 := b33 + c2 cos (phl + ph2) + ¢3 cos (ph2)

>gl;
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<diff(g1[1],phl),diff(g

. b22+cl cos(phl)+2c3 cos(ph2)+b33+c2 cos(phl+ph2)
b11+42cl cos(phl)+2 c2 cos(phl+ph2)+b22+2 c3 cos(ph2)+b33

1
0

. b334c2 cos(phl+ph2)+c3 cos(ph2)
b1142cl cos(phl)+2 c2 cos(phl+ph2)+b22+2 c3 cos(ph2)+b33

0
1

>dffgl:=<<diff(g1[1],t),diff(g1[2],t),diff (g1[3],t) >
phl),diff(g1[3],ph1)>|

ff(g1[3],ph2)>>;

1[2],
<diff(g1[1],ph2),diff(g1[2],ph2),di
t

<diff(g2[1],ph1),diff(g2

ph1),diff(g2[3],ph1)>

>dffg2: =< <diff(g2[1],t),diff(g2[2],t),diff (g2[3],t)>|
1 |
>,

[2],ph1),diff )>
<diff(g2[1],ph2),diff(g2[2],ph2),diff(g2[3],ph2)>>;

>g3:=dffg2
g3 =

gl-dffgl.g2;

c2 sin(phl+ph2)
b11+42cl1 cos(phl)+2 c2 cos(phl+ph2)+b22+42 c3 cos(ph2)+b33
b33+ c2 cos(phl+ph2)+c3 cos(ph2))(—2 cl sin(phl)—2 c2 sin(phl+ph2))
(b11+2 1 cos(phl)+2 c2 cos(phl+ph2)+b22+42 c3 cos(ph2)+b33)*
—2 ¢8 sin(ph2)—c2 sin(phl+ph2)
+ b11+42cl cos(phl)+2c2 cos(phl+ph2)+b22+42 c3 cos(ph2)+b33

L

_ (b22+ct cos(phl)42 c3 cos(ph2)4-b33+c2 cos(phl+ph2))(—2 c2 sin(phl+ph2)—2 c3 sin(ph2))

(b114+2 c1 cos(ph1)+2 c2 cos(phl+ph2)+b22+2 c3 cos(ph2)+b33)>

0
0

>Ga=<<gl>|<g2>|<g3>>;
>Rank(Gq);
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accessibility distribution, 25, 27

commute flows, 17

completely holonomic, 27

conservation of angular momentum, 47
conservation of linear momentum, 47

degrees of freedom, 6
diffeomorphism, 17
distribution, 24

flow, 16
Frobenius theorem, 92

geometric constraints, 4

holonomic constraints, 5, 11
holonomic line, 39

integral curve, 16
integral manifold, 25

kinematic constraints, 4
kinematic model, 13

Lie Bracket, 18, 89
nonholonomic constraints, 5, 11

partial nonholonomic, 25
partially nonholonomic, 27
Pfaffian form, 5
pseudoinverse, 36

redundant robot, 35
rheonomic, 5

scleronomic, 5
Singular point, 27
span, 24

tangent space, 15

tangent vector, 15
unicycle, 19, 31

vector field, 15
vertical rolling disk, 6, 10, 30

weighted pseudoinverse, 36
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